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PREFACE TO THE FIRST EDITION

1t gives me great pleasure in bringing out my book on
Integral Calculus for Post-Graduate and Honours students
of various Indian umversities

‘The style, presentation of theory and solution of various
typical examples are in the same familiar form which the
students have seen in my other thirty five books. Iam
confident that the students will Iike the present work which
will prove useful to them.

Besides giving many solved examples, unsolved examples
are also given for the practice of the students. At the end
of the book, Sagar, Vikram and Agra University papers
are attached, so that the students may know about the type
of questions whtch are set in the paper.

Any suggestions for improvement of the book from
any quarter wij) be highly appreciated.

M. L. Khanna

PREFACE TO THE THIRD EDITION

It gives mc great pleasure in bringmg out the third
revised edition of the book The subject matter has been
revised, and a few new questions have been added here and
there. The references of various University papers have
been given and in the end latgstpapars have also been added.
Warden's Bungalows”

3
O'Donell Hnst;y M. L. Khanna
Meerut Colleg P o Ehone 2217
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1% (=
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=t =7
In the mterval (~m, #) 1f f(x) is odd function, then
a,=0, an=0 and b,,z;zrrf(x) sin nx dx
o
-;zr SO) sin nv dy.
mTJa
o
S ()= by sinnv
1
In the terval (—a, «) if f(x) be even function, then
ba=0 and ﬂo=~ljn (%) dx and =2 J.K Sx) cos nx dx
o e
2(r
= ;jo J¥) cos ny dv.
o
f(x)="a,4+Z (a, cos m)
1
Fourier’s Series, Interval ©, =).
»
Sine Series f(x)=Z2 basin nv
1
2%
where b,.:;’rf Jx) sin nx dx as in (4).
o
Cosine Series f(x)—u“+?!=‘ an €O Y
where ;= ~J‘ J1x) dx and a,—= _f J(x) cos n¥ d,

asin (5)
Fouriers Series. interval (0, 2r).
%

) —a"+_‘,‘ (@a cOS YLy 111 1Y),

where u‘,r——l' S(\) dv.



Lists of Formulae
An= ! r-: S(x) cos nx dx,
T Jo
b,.:1 Izz S(x) sin nx dx
wJo
In case f(2#-—x)==1(x), then
0
f(x)=a,+% an cos nx.
1
In case f(2r—X)=-—f(x), then

w0
Sx)=5 by sint pix,
1

where a,, adqa, ba have same values as written above.

In general, if & << x < 2w +a, then
»
J(x)=a,+2Z (s cos nx+ba sin nv),
1

1 (2-+e

where =2 J(x) dh
pd
ﬂ,,;‘ j +ﬁf(.\') cos nx dv
N 7 Ja
2z
and bn:‘l j +¢f(.\') sin zx dv.
m Ja

Fourier's Series, Interval {(—1, 1).
o -
f(x)=ay+2 (ﬂ,‘ cos "—"Ii+b.. sm 9—?)
1
i
where a.,:l j Sx) dx,
25
a..:Tl Ii_f(,\‘) cos "—"li dv,
bn=7l Ii‘f(,t) sin "—EI—‘— da.

Fourier’s Series. Interval (0, 1).

o .
Sine Series f(.\‘):)i" by sin Ez[’\— dv.

p}
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L
where b..—v—]g f J(x) sin "—"If— dx.

Cosine sencs/(\')——a,,+2 ay cos —— dx,

nmx
!
where ;- - j Jx) dx, [l,,:: . f(x) cos X iy
i3, i, [
Chaprer VII. Convergence of Improper integrals,
]
A, j fx) dx  Range infinite and Integrand bounded.
a
1st kind.
j Six) dx= Lt j‘/(x) dx—<finite  convergent
a X-»reo J,
== oo divergent
> Lt 14 .
I S(x) dx—~ I f(x) dx=finite convergent
— Xem—o0 Jg
=400 diveréenl.
= a %
f S d.\':f J® ri.\'+f J(x) dx. '
Test.
I.  Comparison Test. J.z J1x) da1s convergent if_[ $(x) dr

1s convergent and f{(x) < ¢(x)and r S(x)dx1s divergent
«

it .r $(x) dvis divergent and fix) > $(1)-

Also J" fi—: is comergent when n > 1 and divergent
o A
whenn << 1.
1, p-Test. If Lt xr f(¥) exists finitely, thcn! S0 d

X-»oo
is consergent whea s> 1 and divergent when # < 1
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1 is chosen as “*highest power of ¥ in D7 —highest power
of xin N7,

%0
Abel's Test. If J f(x) dx is convergent and (1) 1s

0
monotonic and bounded for v > a, lhcnj J(x) B(xy dbx

is also convergent
Dirichlet’s Test.  If f(x} be bounded and monotomc and

L; I fx) -0, then Ij A1) $x) dv canverges,

provided ““ $(x) dx lns bounded as x takes all finite

values.

%
Absolute  Comergence [ J{x}dv 15 said to converge
a
g
absolutely if f | f(x) | dx s convergent.
a

]
J. S(x) dx. Range finite and integral unbounded.
a

2ud kind.

el Ly ¢b
Lf(.\‘) dx:t_*o L’“ J(3) dx when f(x) is unbounded
at x=a.

b
J J(x) 11x~ 0 /(.\') da, when f(x) 1s unbounded
at x=b,

j:f(x) l’.\:zj:/(\‘) d.v+Jb/(x) dx when f(x) 15 un-
bounded both at x==¢ and x==b.

£, Lt S
“>a §(¥)

Tests.

Comparision Test, 1 be fimte, 1henJ. S(x) dx
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»
and I $(x) dx both erther converge or diverge together.

£d
Auwniliary integral I ~L2_ is convergent when n <1
o (x—a)

and divergent when n > 1.

b P
p-Test, Jf(x) dvwhen x—a 1sa pomt of infinite
@

Lt e (Y]
discontiniuty will be comvergent 1f x40 (x—a) S
1s finute and g < ) .
If & > 1, then it is divergent. If however, above Lt1S
4 o
=+ o, then also divergent I J(x) dx, when x=b is 8
3
poimnt of infinite discontinuity, then we shall evaluate
Lt
Y>b—0 o
as above. .

—x)* f(x) and other conditions will be sam¢



CHAPTER [

D EFINITE INTEGRALS

§ 1 Def. We know that if J' F(x) de=Fx), then
13
0 as—£)—Fia),
where @ and b are called the lower and upper limits and

rf(x) dx is called the definite mtegral of f{x) between the

above limits, It represeats the area under the curve y=f(x),
x-axis and the ordinates drawn at x==a, x=>b. (See author’s
Integral Calculus Chapter VIII).

Propertics of Defiaite Integrals.

Below we shall give the important properties of definite
ntegrals, For their proofs studsnts should see author’s book
on Integral Calculus for B.Se. Chapter VI P. 238.

1. J: 1(x) dx=j: f(o) at. '

In other words, the above theorem states that in the case
of definite integrals, if the limits remains the same and the
JSunction remains the same but the variable changes, then there
is no change in the value of the d:finite integral,

ie I: < dx=j: ¢ di= (P —a¥).
2. J': 1(x) dx=—I: x

In other words It means that if we interchange the
of a definite integral, then we change the sign as well,



2 Integral Calculus

L] ¢ (3
3 fla=fmaef o g6
In general,

b \ 3 5
Iﬂf(x) dx=I: fix) dr+ﬁf.x) dx+ ...L"f(x) dx.
4 J: fix) dx:j: fta—x) dx. (Imp.)

LJ—LS.:I" S dr. Putxma—t; i di=—di,
L]
Also when x=a, 1=0 and when x=0, t==a.

o 0
L.H.s.=j' /(.,_,)(~d/)=.[ fla—tydt.  (Prop.2)
=rf(n—x)dx. (Prop. 1) Proved.

]

In other words, it means that in the case of definite inte-
gral in which the lower and upper limits are 0 10 o respectively,
we can alway write a~x for x and the value of definite integral
is not offected. The limits of integration however remain
unchanged,

L] L2 - il
ege. _[ sin® x dx:J. sin® (§~x) dx=J- cos™ x dx.
L] o L]

5. r 1(x) dx=0 if f(x) is an odd function of x,

j.e, f{—x)=—f{x).
r f(x) dx=2 r 1(x) dx if f(x) is an even function
— N
of x, i.e. f(—x)=fx).

LHS= I "_ S de= K, o I:f(x) de.
: (Prop. 3)

In the first integral in RHS. put xe=—f 50 that
dx=-di and adjust the limits.



Definite Integrals 3

o [l e s pen o= fend g,
=J'u fi—x) dx. (Prop. 1

o [l sw e fen axt [ s ae
- 0 0
==0if f(x) is 0dd, i.e. fl—x)=—f(x)
=2 rf(x) dx 1f f{x) is even,
o
ie. fl—x)=f(x),
20 '
6 I f(x) dx =2 j £(x) dx if f2a~x)=f(x)
o 0
=0 if f(2a—x)=—1(x).
6 2a
LY S.=jmf(x) dx=I J(x) dx+“. Sx) dx.  (Prop. 3)
] o a
In 2nd integral in R.HLS. put x=2a—¢; . dx=—dt
und adjust the limits
2a 0 a
’. f(x) dx=‘[ Q2a—1 (—d«)sf fa—1y dt
['] e 0
(Prop. 2)
=J.nf(20-—x) dr. (Prop. 1)
2a a a
A I Sixy dx=j f(x)+j fRa—x) dx
o 0 0
=2 J' " S0 d i fiza—x) /i)
=0 if f(20~x)=—f(x). Proved.
Applications.
* e
J. sin" x dx=2 J. sin® x dx,
e o

sio” (w—x)=sin" x, ie. fi2a—xj=f(x).



Integral Calculus

r /2
f cos" X dx=ZI cos" x dx if n is even
0 o

=0 if n is odd.

S €os® {r—x)=={—cos X)"=>cos" x o —COs" X accord-

ding as # 1s even or odd,
fe. f(2a~x)=f(x) or ~f(x) according as n is even or odd.

. v w2 "
Similarly, " sin™ x cos" X dx=2 j sin™ x cos” x d<
0 ']

or 0 according as n the pover of cos x is even or odd, what-
ever the pover of sin X may be.

Below we shall give certain questions explaining the

application of above propesties.

Excreise 1
niz wi
Ex. 1. I log sin x dx=1 log 3o J' log cos.x dx.
o 2 2 0
wiz .
Let I=J. Tog sin x dx.
o

12 2
Inr' log sin (’-’~x) dx:j' Jog cos x dx.
o L]

2
(Prop. 49)
/2 iz
kA 21-—=I fog sin x dx+j log cos X dx
L ©
n /s
Izj (log sin x+1og cos x) dx
L]
sin 2x o

/8 w2
==I log sin x cos x dx:f log ~3
0 2

2 . 2 T
fu logsinx rlxn-f:’ log cos xdxag log §== 108 2



Definite Integrals 5

v/2 L4k
=j Jog sin 25 dx— j log 2 dr.
o 0
In the Ist integral put 2x=1 and adjust the Iimits.
t 4t
noa=lf log sin 1 dr— [x log 2]
2 o 0
1 *13 . ™
=i.2j log sin ¢ df (Prop. 6)«-i log 2
o
iz - -
=f log sin x dx (Prop, l)—z«log 2=l—-2— log 2.
o
J. Taking [ in the L.H.S., we get
" - 1
==~ log 2=—2 log 5
Hence remember that
vz . d 'I!] d ﬂ" 1
L log sin x x-—L og cos x dx=5logz.

Again log cosec x=Ilog (sinx)~!=~—Jog sin x
and log sec x==log {cos x)~'=-log cos x.

wiz iz
A "‘ log sec x {dx=J‘ log cosec x dx
]

= -log =3 Iog 2
Again

wiz i3 . iz
L log tan x dx=j log sin x dx——J. log cos x dx=0
0 0
/3 wir wlz
and L log cot x dx=.“ log cos x a'x——I log sinx dx=0
o
j log sin ( ) d,\m—log2 t 5 y=zete
. - . 2 27 1 1
o I—-L (log sin 2) (" dz)s;r 3 log 2=Iog 3

Note. The abave results may be taken for gronted in
questions though in the examination you slould deduce them,
Fasa



6 Integral Calculus
EBx. 2. Evaluate the following definite integrals :—
3 ein-t 13
@ [ [ 6cor o .
o X °

© J':“ 92 cosect 8 df. (d) Lm (rot=) x)* dx.

1 gin~t
l=j sx_n’x_x dx=sm § and adjust the limifs.
a

xiz g L : .
1==I =— (cos 8) d9=j # cot 8 49, {it is part (b))-
o Siné o
Now integrate by parts.
iz iz
I.—:-.[G log sin 0] -—J‘ log sin g d¢
0 0
™ 1 -
=-O-—§ logi(Q. 1).—5 log 2.

Note. V.Imp. 8 log sin 8, when §=0 takes ‘indetermi-
nate form 0 X oo,

Lt o q_ Lt logsing
a0 010Bsm b=y 4 =T =40

[ Ty
Lt 82cos @ Lt 28 cos §—8*sinf
>0 =sinv 60 —cos ¢ -

xi2
© I= J' 8 cosect 8 d6.
L]

Integrate by parts
Litd w13

=[ " t~cot o] "+ [Focoroar
o o

=0+2.['-; log 2] (Part @ and b)=w log 2.

t -
Note. You should show as above that 0f>0 ' cot §=0.



Definite Integrals

(d) I: (cot~t x)! dx.

Put xemcot §; .. dx=-cosec® 8 4.

l=r 0% (~cosec? §) d6‘=.ru 6 cosec? § df ete, (partc)
=w’;:g 2. ’ Ans.
() L' Jog (1+cos x) dr.
1==I: log (1+4-cos x) dx.

I==I' log {1-+cos (r~x}} dx=r log (1—cos ¥) dx by IV.
o o
2I==.r {Jog (14-cos x)+log (1 —cos x)) dx
o
=j' log (1—~cos?® x} dx:j' log sin® x dx

¢ 4 n/2

or 2/=2 j log sin x dx=2.2 j log sin x dx by VI.
0 o

” 1 1
]=2'5 tog 5= oz 5"

= log (I4¥M
) L g dx==rlog 2,
/2
Put x=tan8; ., 14+x"=sec?d; .- l=j 2 log sec 9 d4.
o

EX, 3. Show that the value of each of the following definite
integrals is w4 i~

Tt sinx L cogx
() I Sin XFcos x XJcosx T xTeos® ) L sin x4-cos X

*2 0 (sin x) S, e
© {7 seratatams e o [

All the m part of Q. 3 are very impaortant from the point of view
of examination. Al are based on property 4.
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(¢) r’ : 0 v dx
i dx *2 tan x dx
® Iu 14/ (cor x)° ® fo I4-tan x
p [ corx o[ lran 1) de
® L H_a”xdx. [0 fn Trviar s
TR 4/(cot x) a a4
k I Y . ] __dx
®© ) mvean " | aeess
(m) © o _xde
o (I+x) (l+x")
_smx
@ I= j St X+-€C0s X S xtcosx 4 oD
sin (~—x) dx
o I= _" (Prop. 4)
sin l——x +cos (—2— )
3 cos x dx @
=L cos x+sio x° b
Addiog (1) and (2), we get
,_j‘"’ (sin x4cos x) ;.
(sin x+cos x}
vI3 g .
= dx= =53 e I=3°
or 27 L x [x]a 5 3

In other parts change tan x and cot x in terms of sin x
and cos x and proceed as above.

g _ _V{cot x
& I_L /ot x) °%
et +/{cos x)

“le VERHTV(cosx)

™ ___yGinx Property 4)
1= I V(o8 X)++/(sim ) 5 (Fop



Definite Integrals 9

"
zl-aj I

luj ...

o X+v{a—x?)

Put x=a sin ¢ and adjust the hmits,
=“‘"' cas 0 d7 ete, =7,

° sin 0-+cos ¢ K
» x dx
@ [ Genor
Put x=tan # and adjust the limus,

=J'“ tan §sec* 647 (" _sinb0dy
(Ftan ) (see’ 0]~ Ju  Cos dsin g S5
Yog (1+x) ”
Ex. 4. {a e dy=_ log 2.
@ .‘. 143 87" (Agra 68)

(b L log (I+tan 6) dé:g log 2.

{a) and (b). Put x==tan & and adjust the limits.

I r"log(l+:an )

o sect § dﬂaj log (I ++tan ¢) du.

= log{l—Han o) }dd
Jo (Property 4)

ik l—tan§
.[ tog (’+1+mu 0) b

0]
=j log rms l+tan a4 Fans?

=I lagzda-—." = log (14tan 9) do. .
o o

e -
Iz{ﬂ log 2] o=l ar 2As=zlog2; . l=§lo; 2

fog x dx _7 1

Ex. 5, (a) I';/—(I—:F)' =zlog 5.
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had Iy dx
* e —_ -
(b) L log (x+x) =" log 2.
(2) Put x=sin § and see Q, 1.

i1 o 2 t]
(b) Putx=tané; .. Isj logs'—n——8+———‘modﬂ
]

s 8 cos B
iz
or 1=I (log sec 8+log cosec 8) dd
]
=g og 2+7»2' log 2==r log 2.

Note. (Imp.) Removal of x.

Suppose you hnow the integral of $(x) : then in order 10
evaluate the integral of x $(x), we try to remove the Jactor X«
This is done by the help of Prop. no. 4, provided $(x) does no¥
change when x is replaced by (a—x);

i if sla—xy=4(x),
ie. l::ju x ¢(x) dx
3

=r (a—x) $la—3x) dx (Prop. 4) I (a—x) $(x) dx.
o [ .

A 2[=J: (x+a—x) ¢(x) dx=a J.: $(x) dx.

=;r¢(x) tx, provided $ (a—x)=g(0).  --+(D)

It 15 to be noted that x is eliminated only when $()

remains_unchanged when (a—x) 1s Put in place of x. Hence

'./ before applying the above metliod it should be observed that
$la—x)=4(x). In the examination students should deduce
step I as above.
- _
EX. 6.(a) I X sin® x cos® x dx. (b}, L x sin® x dx.
° -
(a) Here, if we replace x by w—x 'in sin® x cos? x, it does
not change.
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o I=J.' {m—x) sin® x cos® x dx  (Prop. 4).
e
A 21=‘[1 (x +a—x) sin® x cos® x dx=n j’ sin® x cos® x dx.
o 0

/2
=1r.2J. sin® x cos® x dx. (Prop. 6).
o

{b) J‘ x 5in® x dy==y%m.

Remove x in (3).
T rit
2=m j sin® x dx=2m J. sinf x dx
o

4.2 8
or 2[=21r.5"—3, o 1=]_5

*
Note. j‘ x cos® x dx cannot be evaluated by removing x
' o

as before because cos® x changes sign when x is replaced by
w—X.

x dx
Ex- 7. (a) I at cos® xb° St %" :

¥ xsinx
* _——
®) j. I4cos* x

Xfanxdx
@ [
sec x+ tan x°*

@ [[aifas1

* xdx 7t
@ f [Teost==3y3"

*(e) I : x log sin x dx.
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) I' xf (sin x) dx.
o

T Xxlan x dx
{g) I e
o S€c x4 cosx
0y id xdx o? (a2-1-b7%)
(6 cost x+b% sin* x)t= 4a?b®  °

0 J' X sin x dx
o I+smx’

a
All the above questions are of the type j x $(x), where
°

¢(x) does not change when x is replaced by (a—x) and
hence should be done as shown in Note given after Q.+5,

ie. Inr x $(x) dx, then 1=g Jlu ¢(x) dx provided
o o
Hla—x)=¢(x).
@ 1= J' &% cos? x:b’ sin® X" Here plr—x)=4(x)-
o (r—xVdr
'—L a® cos* x4 5% sin? X’

Adding. we get

dx
U= _[ a*cos? x+bisintx .
- wl2 ax
or =23 L a* cos* x4 b¥sin* x

o peg [ _sctxdr a1, b tan x)7¢
e I=T atr bt tan* x ba a Jo

(Prop. 6).

s [,,- 0] L A
=130 =% ns.
ab |2 2ab Aee

All the parts of Q.7 are important from examination poistaf
view,
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(b) Proceeding as in part (a),

]_;J" simxdx [T —sinxdx

14cos® x 2Je 1+cosPx

==3 [tan“ cos \']'

2
=— (tan“‘(-—l)-tan“l]—-—g[—-g—g]=%—. Ans.
x1an x dx
(c) I= j sec x+lan x°
= (r—x) (—tan x) dx. (Frop. 9

o {(—sec x)+(—tan x)
_[* (r—x)tanx
—L Ses xrran % O

Adding, we get
21:"_[' tan x dx R
o SeC x-tanx

. 1__]' tan x (secx~tan x) ;.
- 2], T seetx—tan®x

or I= j sec x tan x~{sec* x—1}) dx

=2
127 sec x—tan x+x] ——’i' (r—2).

(@) 1:[ F:g;{r {a > 1). Proceeding as before.
J' j‘ sect x dx
u’—ccs’ * 2}, & (Itan® x)~1"

1]" asect x dx
2a J, a*tan® x-H{y(a*—1)}*

1=7

=7 1 [tan“ atan x ]'
2a°4/(a*=T) via*=1)

For f;msm,zdmd: above and below by cos*x

and change in terms of tan x apd then put tan x=f.
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T
g'Za\/(aL-l] (- OJ=22\/(II‘—I}‘ Aus

(e) I=r x log sin x dx. Procesding as before.
o

¢
w”[' log sin xdx:l'.z'r * log sin x dx.
2}, 270
(Prop. 6)

1_at 1
mﬂ.;log »2=% log 3 (Ex, 1, P. 4). Ans.

o I= I " f (sin 1) dx=T j 7 fsia 2y dr.
¢ 2 [
(g) The question is easily seen to be l=-"': ﬁ_s?‘:;?; de

which we have done in part (b).
x dx 5370 & (a—x)=(x}

el
(b} I=,L (a® Cos” x 457 sm? x|
SRS T A . S
*t T4 (@ costx 48 sint x)F°
Dividing above and below by cos* x, we get -

* sec? x sec? x dx

2 o (a* B tan* x)* °

Now put b tan x=a tan §; ., sect ¥ dx=f;; sec? 6 di.

r 3" '
LT f (l+g~, tan* 0).;: sec? 8 d7
o 3

°

(See P. 19)

a* sect g

a’b’f (2 sin? 8 4-a? cos? §) d8
Iasbﬂ'zj. 7 (6% sin® 04 cost 6) (Prop VI

=T ggre g =iy e
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. : 7 [ _sinx
(i) Proceeding as usual, I.—Z L TTsn® dx

o =3 (1= i) @e=3 [~ | Goreramwsmr |
[x ZJ %lf::;:{xz,l;i)x] [ ( J+ranx/2)']

=’2-'[rr+2 (~—1)]=§("-2).

]

o d

B () || ot s lop (V24 D).
it sin® x dx
L]
) ,‘.,, slnx-l—casx \/ZIOg(‘/Z"LI)
/s (g“x)dx
(@) I= , oS TSR (Prop. 4)

. 2]:3 I’”, dx
* 2)e SIDXx+cos X

= sec? J—;dx‘ -
or 2l= .=x I’ say.

2 2tan—+l-—tan’2 2
Iazl', (D)
h =24t —tan &
where I’ f (‘/2),__(' — where t= tanzetc.
- ' \/2+(!—-‘) —0 V-1
=253 o 3G =0 73 108 Y2

dx . .
For fm change sin x +and cos x in terms of

t!u and then put tan Inr etc,
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V2411 \/2+!) 2

vale aoy=yzlee 5o
S I= ilsm log (\/2+1)
() Use Prop. 4 and proceed as above,

1 xsin-lx 1 oxsinix Lo
Ex. 9. (3) J‘_‘ T axmo ) [ RIS &

{© j.a xy/ (@' —x?) de=0.

5 Tog (V2+1)

Put x==g sin 8 and make use of Prop. no. 5.

™I cos x—-sinx_
Ex. 10. {2} L T¥sim x cos x de=0.

wiz
) j sin 2x log tan x dx=0.
o
wia
{c) J (sin x~—cos x) log (sin x+cos x) dx=0.
]
* 1
@ [0 (3=1) as=o.
0 x

By using Prop. 4, we shall get J==~J, f.e, 21=0; ', I=0.
Ex. 11. Prove that

'xi2 wi2
I S(sin 2x) sin x dx== j. fsin 2x) cos x dx
o L]
e
=4/2 I' S(eos 2x) cos x dx,
a
wls
I=J fisin 2x) sin x dx.
L]
"
.~ By prop. (4), f Ax) dx=rf(a-x) dx, we get
[ L]
£
1=j" Jisin 2x) cos x dx.  Adding the tvo,
o

'w/2
Zlnj JSlsin 2x) (sin x4-cos x) dx.
0
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w2 .. . [
=VZJ flsin 2x) sin (x+ﬁ) dx.
Now put x+;——g 9, ie. ng-—a, and adjust the

limits.

Also 2x===1-2r-—28; & sin 2x=cos 2f.

—nfd
-2 Iv‘/4 flcos 26) cos 8 d9

=2 ji”ﬂf(cus 26) cos 6 d4. (Prop. 2)
or 21=24/2 r” f(cos 28) cos 8 df (Prop. 5)
a

even function.

Ex.12. (a) Show that
J" x* sin_2x sin (3m cos X) dx= 8
° 2x—m S
Put x=#[2—t, .. dx=—d:, and adjust the hmts.
=#f2 (m/2—1)" st (m—21) sin {m/2 co5 (22~ 11} (~ ~d

S I= 72 =27
[ Gromttr)sio2sinGrsinnd L0
i ) 2t
(Prop. 2)
2 2
Now (n*/44-6%) sin 2t sin (= sin 1), is an odd function of

2
of ¢ because if we replace # by —t, then the function changes
sign, ** sin (—8)=-—sin 8, and hence by prop. S, we have
SN fnlz —mtsin 2¢ sin (3w sin 1) dr
2 —
= J‘"ﬂ 2 sin 7 cos ¢ sin (g sin t) de.
o o

Put irsio =z N iwcostdi=dz
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I=1rj 2 sing (— d~) r’z zsinzds
° 7Jo
=§ [: (—cos z)+I cos z dz]
™
=§[—z €os z+-sin z]“lz=§.
w 5 ™
& a*—x*? n .
(d) L xA/(a,_H’,) dx—-(a 2) at.
Fut x3=4? cos 28 and adjust the limtts for 4.

=i2 2
Ex. 13. (a) J’rl 1an x log sin x drem—,
° 24

2
(b) I"/ sin x log sin x dx==log (g)
o
=f4 . =, 1
j—"M log (sin x +cos x) dx-—z log 3

(2 1='|""Z tan x log sin X dx
J’xl2 sin x

— 2
. cc’sxlog +/{1—cos® x) dx.

- Now put cos x=¢ and adjust the limits for 2.
I=—3 Jm :_ log (I—1%) dr, = log o/x=}logx
1
¢l ‘l .
=t [ L utae i, g
ot
]
=if (143043054304, ,.) dt.
b3
Integrating and putting the himits, we get
P [ [ A
=—1 z+m+m+rs"+--~]
=—1 K1-P+1 d-DH A+ G—DH+--]
1.1 11,1
I H‘*z‘ﬂ‘ Stite} 1o {'*z"h“'*n?'*“'}]
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R R W
- 6726} 24"
It is taken for granted from trigonometry that

1.1 1 _t
‘+2—'+:F+F+"'—6_'

1
() I=J" sin x log sin x dx.
o

Put cos x=t¢, and adjust the limits.

1=-j: log v/(1—¢%) di=~—} j: _(x'+‘—:+§d+...) dt
= ('3’+m5+§'7—7+): =i (:+2—'—5+3—'7+)

1 1 1
=_(f3+43+o.‘”7+"‘)
=={-H+G-hH+l-H+...)
=—{G-H+E—-H+E¢-H+..)
==l l—i+i—f+i~dti—. o= —T4log (1+1)
=log 2—~log e=log (2/e), ' loge=1.

{c) I="‘“/4 log (sin x4-cos x)dx
—rj4

4
——I_”_‘ log /2 sin (x+1n) de.
Now put x-+=/4= and adjust the limits.
iz ”
InI log sin r+r $log 2dtete. (22Q. 1P 9
] o
Ex. 14, Prove without performing integration thas
J’" x dx J‘" xdx |
— X piT N 2P
s xdx 1 xdx
Lus=ft S S
Put x=~1 in the Ist integral and adjust the limits,

(Prop. 3)
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LHS. J" tdt f" xdx
Frpt], i
0 xdx xdx
,[x’+p tProp. "+J pT

20 xdx
_—=J'¢ S¥p {Prop. 3).
Ex. 15. (1) J" sind 0 (14-2 cos 0) (14-cos §)* d0.
L]
l=f"sin‘ 0(14+2 cos ) (142 cos f-+cos* 0) db
o
=J" sin? 8 {144 cos 845 cos? §+2 cos® 0) df
[

niL
=2 J (sin® 84S sin® & cos? §) do
0
(See Note Prop. 6 P. 4)

Ans.

-
[{D] L sin® x (1 —cos xP=s2%.
= 3n
ind 11 = e
(© L sin® x cost x dx= 255
Some Typical Sohed Examples

1
Ex. 1. Prove that J‘ cot=1 (] —x+4xt} dxag—lag 2.
o

1 _ x+(l—xl
]=L tan~! l—_—x(l~x) '[ tan—=! X“_x)dx

T
=I tan™?! x dx+j tan™~! (1—x) dx.
o

-1 S peatan-r 2F2 .
tag a:i-mn b=tan [—ab
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Again by prop. IV, .rf(x) dx:ﬁf(a-x) dx.
¢
1
Isj tan~! x a’.\'+-"x tan—* {1—(1—x)} dx
o L]
1
==r tan~! x n’,\r+-"l tan~! x dx==2 I tan~? x dx
1 1 o
1 1
I=2[(x tan“‘x) J ey dx]
=2 [’45 { log (1+r‘)} ]==-~log 2. Proved.

Ex. 2, Evaluate L 4/(a*~x?) cos™? 5 T dx. (Agra 54)
Put x=a cos 0 °, dx==-a sin 8 dd and adjust the limits.
o I=j‘:‘12 {a sin 6),6 (—a sin §) d6

=gt J"z. [ ——'——(lwc‘; 20) d9

°
o\ sin 26\*/2 | [
= [F)) {5, -3 sn 2 a}]
. cos 2\T1Y _ mlal a*(] T
S[F-est =

"5 4

a+Via=by  (pi4b?Y) ydy
Ex, 3, Prove that a—via—tt) {a o +bx):}l g=mat

Put (pP+bY)=1 . 2pdy=dt
Also when
y=a+q/(a*~b?) Le. y'=a*+a*—p2+2a/(a*—b%).
5 (=p3P=2a {a++/(a?—D%)) and similarly other .
imit is adjuswd to 2a[a—+/(a*~bY)].
. 2a {at/ (@b tde

&I i 2a(a—+/(at—4")1{4a% (“E)"’?l”’-
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_1 -2t
i (4ax,_.4azb':._,“:)—'xu a
_(Autda) dr
(BaPr—dathi=Fyvis

_ a? dt ]
{4at (@ BY) =(r—2a%)"73
=[—£.2 (da* —da?hr— 3y\3

sgps  f=2a  TPalleti@ =51
hat sin 2ay/{a*—b?) f2a (a—v(a*—5%)]

(04" sin-t 1)—{0+a? sin~* (-1);=a=.12'+af g_na'
1 d
Ex. 4. Prore that I e Y, cos (sin 6) do=2m.
0
2 .
J=Real part of j " ge0sb isin® gy
]

e*=cos x+i s X
=Real part of -("ec”‘ 6+4-fsin 0 g9
0
Trew
=Real part of[ e do
18 L300
=Real part of J‘ (l+ ‘°+"z +‘_’_ ) 9
——J (l+cos a+ 7 €08 29+-— cos 384 .. )
sin 24, sin 36
[Hq-sm H+2 @ ,)'l'3 G ,)-f-..-] = 2m.
Ex. 4. Evaluate My ihe form of @
a

V=K 5in* 8)
series when k < I,

- wit
I= j (1—K2 sin? )~2 d9
o
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=.j:" [x+% 1 sin? a+%l) (K2 sin® 6)?

AN OED o g ]

"[e]:n*z w{ 2)"'1 S 1 U(l&'

4,2
3.1 n
+37 R R
135
[|+ ) k‘+(2 i 6 k'+...]'

Note 2. Factors of 1—2a cos §+a’.
1—2a cos 0+ a*=1~a (e'®+e'9)4-ae'® . ae-'o,
S 1-2acos ﬂ+:x’=(l—ae") (1—ae-19),
Similarly, 14-2a cos 84 a*= (l+ae") {1} ae-'#),

Note. 2. f €0s MX cos nx dx=f sin mx sin px dx=0,
0 o
ki
when msn and =3 when m=n,

IA==l r {cos (m+n) xd-cos (m~n) x} dx

[sm{m-l—n)x sin (m—m x
=3l "t

mih e ] =0, when m#n,

when m=n, thep IE%J" (14cos 2mx)_

2{ ism 20

Ex. 5. Find the value ? Io}q

according as a < 1or > 1.
Casel, a<1l.

I==f' log (1~ae*?) (1—ae*) dx by note (1)
o
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or I=J-1 [log (1 —ae®) +-10g (1 —ae=t)) dx
o
4 3
=-J:[(ae“+;— e:“-}-;‘ e"’+...)
iy & atx gf ad .)]
+(ae +2e' +y e +

* a® at
= -I [a (2 cos x)+-2— (2 cos 2x)+§ (2 cos 3x)+..0
e

2 2 3 3
Case2, a> 1,

I' log (1—2acos x+-a%) dx= I' log a* G—,—% cos x-H)dX
[ [

=—2 [a sin x+a—’ 5_.,"“ 2 ‘f sin 3xJ'=0 > sin rr=0
o

==r log a2 dx+r log (1 =24 cos x+k%) dx,
0 0
where k=£ asda>1; o, k<l
I=[x log a‘]1+0 by case 1=mx log a®=2m log .
0

Ex. 6. Integrate f log (142a cos x+a®) dx.

Proceed exactly as above. et
Casel. a<1.

I= f {log (1-aet)-+log (1 +ae~)) dx
=.J’[(ae"—';LS Sl .)+ (ae"‘—;—' Fagint P83 .)]d‘

=j [a (2 cos X)—;—x (2 cos 2x)+:: (2 cos 3x '-"de

w2fa inx__a_’sinu' a* sin 3x
¢ PR RS i R
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ifa> 1, then I=I log a* (L+2 cos x-H)
* ata

=I log a* dx+j log (1 2k cos x + &%) dx, where k=% <1

-3
=x log a*+2 (k sin x— & sin 2x | K2 sin Bx... )

77z ty T3
[by case 1}
1 sin 2x 1 sin3x }

=2x log a+2( smx—z— 3 .;.3“9 5

Ex, 7. Evaluate I log (1—2a cos 0+a%) cos nB dy, a*< 1,
¢

(Agra 44)
Proceeding exactly as in Ex, 5,

s at ad
J=~2 J (a cos 0+i_ cos 29+§— cos 304.. ) cos nd do
o
<4 a? '
) j (a cos B cos n9+i~ cos 20 cos nf 4., .
0

s
‘en +"— €os n6 cos nﬂ) &3
"
=2 {0+2.2) by Note 2P, 23jm 72",
n
4 j‘ o
Prove that d
R N v i S
accordingasa < 1 or > 1,

Casel. a<1,

hl d;
[.——_-I _—
o (—ae) ({205
I "'ﬂf“'-arﬁ._azelz P

—at
Ti=a =z yi- ~ae=dy
=(T~7’_J I. [t sgtejot s gomte (12
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,
=(,Tl,,x) ] [(14-ae"+a%e*+a’ + ...
0

Fae (1406~ f gle=B2 4 gl 4, , )} ¥

‘)J‘ {14+a (e +-e-12) +a2 (e -e-2) +-0° (esla+e-:lx)
.. lde

“(~q

5 I (1+2a cos \—+20’ cos 2x+2a% cos 3x+4-...) dx

(I~a

= J(x+20 sin x-42g* = o 2x +2a 35‘"33Y+. . .)n

™
=g
CaseIl, a>1.
= d“' _— . Pumt A=-£<l.
n’( -—-cosx+ )

o
b e Lo7 L __"_}
), (T=2k cos x+ k)" T=A*""a? | 1—(1/a%)
o
el
. cosry 4__,,_11;
Ix. 9. Prove that l-—2a Pz dxes T—at
l”mcccding exactly as in Ex. 8 case I,
')I (1423 cos x+2a? cos 2x4-2a cos 3x+.oe

I=
«o+2a* COS rxf., ) €OSTX dx

(1=a
_! ” ]
~Gtan (o+ 040+ ...+Za'.1) by note 2

na®
- . )
1~ P'roved
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§2. Differentistion under the sign of integration.

The method is very important and by its help we can
integrate functions which are not easily 1ntegeable otherwise.
The integrand of definite integral is first differentiated with
respect to a quantity of which the limits of integration are
independent. It is applied in the followidg two ways :—

I. Suppose we know a certain integral and uts value ;
then by differentiating both sides we may get a new ntegral
on one side and its value on the other.

1. Suppose certain integrals are given which on differcn-
tiation take the form which s easily integrable. In such
cases the value of the mtegral (which occurs after differentia-
tion) 1s calculated and then it 1s integrated with respect to
the quantity with which the original integral was differen-
tiated.

The application of above method will be more clear
by the following solved examples. Students will have no
difficulty in acquiring the working rule after reading a few
solved examples.

- dx
Ex. 1. Evalpate J. iThory a>b, and lence
o
- dx na
ded h e
educe that L @15 cos o~ @b (Guijrat 58)

To_dx
T Jo at+bcosx

- - dx
, a (cos‘ g-f-sin' g]+b (cos' '—;-sin“ %)

Divide above and below by cos’gand put tap ;—:t

and adjust the limits,
c ol 24t 2 > dt
o » @EO+@=b) " a=h) {J arh .,
) e
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=) [ G

. ["_0 m
V@~ 27 T e ey
I" dx -
o (a+b cos x) " /(@53
Differentiating both sides w.r.t, a, we get

I" __dv X2
B ‘(a+h cos x)i- 3 (a’-—b‘)’”'
__dx
(a+b €os x)* (n--—b’)ﬂ” Proved.
v dx w (a*4-5Y
Ex. 2. Prove thot fo @S R B o R 4B

(Agra 40)
- . dx
Here we can easily 1=L {a® sm® x+-b* co8* X)
as under,
Divide above and below by cos® x.
w12

I T gect x dy 11 tan-t atan x] A
I FattantxTba b )y 2ah

or o dx eee(D)
o (@ sin® X457 cos® x) 2017

Now differentiating hoth sides first w.r.t. @ and then
w.nl. b, we get

J"" . —2asinx de
o (a¥ sin® x44% cos® x)t = '2a’h
3 sin? x dv bd veel2)
or L (a" sin? X+ b cos? x)* Tdaip”
Again difTeremtiating both sides of (1) w.r.t, £, we Bne
as nbove
wiz cos? x de o L3y
I, (37 sint x4 b con® x)? i’

M
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Adding (2) and (3) and putting sin? x + cos® x=1, we get

J‘"’ dx =TT 'n-(a’+b2)
» @St xLbTcost X dafh dabe.  4aB °

ﬂ'
1 s 1
We know j €% gyen ——~| g0 ] :._. 0—1]=".
0 a o a a
Differentiating both sides # times w.rt. 4,

[ o e axat=n,
]

i

!
Ex. 3. (a) Prove Ihatj xMe~0t iyttt
o

. ° N =02 B !
A L X" dx= oy
«© b
(b Prove J- =5 sinbx dx:ia“:f-b/“ and hence deduce
0

had - ntsin{nd-No
that L e~ X" sin bx=(m;)—(m;—,

Integrating by parts, we get

~az
= %{ sin bx+£ Ie““ cos bx dx

b
where 6==tan—" -.
a

= e” sin br+1~)[—~;’ cos bx—2 J.e‘“’ sin bx dx]

"
1(1+§—,)=-%~ sin b\‘—‘% e=97 cos bx,

o
. e
= —ax 3 =
I J.» e=2% sin bx dx [a'+b
NN,
_a"+b’]-—a’+b-"
Now differentiate both sides n times w.r.t.a (Note)
and remember that

_dn ( 1 Yo (=" nlsin{ntl)dsinmit o
de )T e

=z a
2 (@ sin bx-+b cos b.\-)]
3

where f==tan-? &/x,
(Difl. Cat for B.Sc. I. 67)
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- )" I nil 3
f 2 (—x) sin bx det (=D (n )sm (n+l) 4 sin ,

where f=tan-1 bla.

oo b
Now tan 0=E‘ Soosin 6~‘/(a‘+b,).

w 1 o
. ax= bl tin (v 0 T P

]
or J €% x"sin bx dx—-" j':zf'lell)z » where tan §=-=,

and hence deduce

a
(c) Evaluate jn €™ cas bx dx=a,+b_'

mNeostnt1y g

b
—tan-172,
(@t 1 bY) rnry Where = tan a

o
that I €-%%x" co5 bx dx=
0
Integrating by parts, we get
az

I=—ra— cos b.\r—)[—:fe-a’ sin bx dx

Pl h e~or
008 bx—=| =" _
a a a

sin bx+f1—7 &% cos by dr]
: -az b .
or 1 (l+§‘)=—-87:— cos bx+; -7 sin bx.
»
2 —az 5
i I=L €7%% cos bx dx= —[(—Q%—E (a cos bx—b sin bx)]”
a 1. a
=_[°—nTﬂ?’]_ A5

Now differentiate both sides n times w.r.t. a and re-
member that

e QR cos (1) 0 sinvvr

where g=tan=! k/x.
(DIlT, Cal. for B.Sc. Page 73)
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w . -
J' =% (—x)" cos bx dx={=H ! °°Sb£’;l+') 0 sin™lp
1]

b
where §=tan-!t a

nlcos (ntl1) 0 it
Ry (@ FbEyEnn

_n'cos (10
= (a* +b1)(n+1)12 »

Ruole 1. From the above five examples it 15 clear that we
knew a certain integral (or whose value we could find easily}.
Then on differentiating both sides with respect to a certain
quantity, we get a new integral in L.H.S. and its value on the
R.H.S. This is one way of using the method of differentiation
under the sign of ntegration. Another method will be given
after examples 4 and 5.

B
or I €%%x" cos bx dxe=
0

where tan 9_5.

log (14-a®x?)
1+b%x? (Rajputana 63 ;
Delhi Hons. 57, 60 ; Vikeam 63 ; Agra 64, 54, 49 ; Pb, 60)
I J“"’ log (1+a3x?)

Tt

Differentiating w.r.t. a, we get
‘ﬂ-r et

o (14a%%) (1452

Split into partial fractions by method of suppression,

o
Ex. 4. Evaluate J, x.
o

Le. by putting x?= -—l— and then x’———})— we get

dar_, (*® 1 1 1
P f F—ay {~l+a’;’_'l-‘*-’l)§‘=}dx

2a 1 1 _ o
=I;':&"[a tan™? ax—g tan= bx]n

. dil 2a [151,,
© 3

da bi—a? b

m
b 2)Th (e ly



where =1

Now

%
I [l

L]

0
orI etz

o

(c) Eva

™
that j‘ e==x
o

Integrati

P
a

__emes
a

Now differ
ember that

d x
A (x1 ¥R

2 Integral Caleulus

equ!
Now mtegrating both sides w. r:l-ﬂ‘h"q
which we differentiated the original intert
w dda z T oz (a+bH
ce log
t= I b (a+n)+ =
In order to find the valueof & ¥¢ o
when ae=0, then /= 0 as log 1=0. Henct ¥
I=0in (1), we get

e fy’

~oth
0= logbtc 2 c=ph

ath
. ,n_ flop (a4 b)—log ¥ =«3|0F’b
N lop (14-0%x7) 4 i"aﬂ
[ e

bsin gL
EX.5. Lvgluate r log :'a’-i-’]_/ﬂ/n” set
o

(Delhi Hons: 5.
Let the glven integral be denoted by b

I=I llog (a+5 sin 6) ~log (@~* t

DlITcrenlnung both sides w.rt. b, “’ F’

i

ﬂ_-ru[ sin 8 -sn"

=), {a¥bsmo a—

or A 2a
ab "}, at—p

Divide above anq be
1-+tan? 8 in Dr
d wl--ﬂ 2asect g gy
& )e @ Mrtant )z

low by

\\m\k uhove and below by
b o tan XL
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Put WAat=bY)y tand=t: [ /(a®~b%)sec? O dyemdt
and adjust the limus,

L dl = dt RN A
BT ) AT E b e aly
2 B B3

TV@ =) 2T et =ty
Now tntegrate btoth sides wrt b the quanuty wrt,
which we differentiated the original integral

dx Lot
and j{/(a’—x’)c“" po

S T=a J "/(a',lh_ bl)+c=1r sin~? ‘I-:-}-c.

But when 6==0, /=0 " log /=0. Alsosin~t0=0.
S 0=0+c; o es=0.

iz (@+hsinty A9 . b

I=L 198 (¢~ b s l/; Sae T,

Rule 2. In examples no. 4 and 5 we observed that on
differentiating the given Integral wr.t. a certain quamtity it
100k the form which conld be easily integrated.  After having
calenlated the value of the mtegral (obtained afier differen-
tiating the original integral} we futegrate w. r. t. the quantity
with which the original imegral was differentiated.

Below we shall give some more examples to tlustrate the
above two ways of ntegrating by the principle of differen-
tiation under the sign of integration.

12
Ex. 6, Dvaluate j' log (2% cos? 4-82 sin 6) do.
D)
(Delbi Hons. 59, 55 ; Agra 61, 57, 36)
"
Isr 10g (=* cos? §-4-F% sin? §) 0.
o

dl - [ 2x cos® § d =J'"’ 2z dp

72"}, 28 CostUF Bt st B 9 o &2 tant
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Now mtegrating both sides w. r, t. a the quantity w. t.1
which we differentiated the original integral,

I=I 5 <a+a)+"‘ log (@ b)+e. 0]

In order to find the value of ¢, we use the fact that

when a=0, then /=0 as log 1=0. Hence putting a==0 and
I=0in (1), we get

"
0=;logbte; ca—%log b.

la~ [tog (a-+b)—log b= % 2 log a—r.—,{;é-
. * log (1+a°x%) at-b
- L g = 7 Jog a>b

! w3, (a+-bsinb) df |
Ex. 5. Eveluate )’n log G5 sia ) sin 0

(Deli Hons. 58, 62 3 Agra 43, 58)
Let the given integral be denoted by 1.
iz . s 46
I=L {log (@4 b sin ) ~log (a—b sin 8)] e
Differentiating both sides w.r.t. b, we get
dar_f=n sin # ~sin§ J _dé
"), la¥bsin 6 a~bsin ) sin b
T2 g
or =,‘ FPsme
Divide above and below by cos® 8 and replace sec® & by
I4tan? 6in D'
dl (T 2a sec® 8 dA i 2asect 8 "
“j' a% (1+tan® 6)—b* tap* v“f a Y@ =5 tan 7 6]

dax
a=prsmi x°

Divide above and below by cos® x and clange sec? X m D 1o 14-ta0’ ¥
and then put tan Xt
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Put (a®—b%) tan §=t; .. +/(a?—b°) sec? 8 di=dt
and adjust the limits.

Lodl 2a [t an-1 x]~

oaT \/(a‘-—b’) a +1’ V=) 'a al

2 o a
TV@ -5y 2T Y@ -y

Now integrate both sides wr.t. b the quantity wrt,

which we differentiated the original integral

aX
and e=sint =,
a

dx
[ 7@

. db = -1 14
S I=7 J‘/m~—b‘)+c_" sin E+c'

But when =0, /=0 -~ log /=0. Also sin~! 0=0.
S 0=0+4c; o e=0.
I=J‘"2 i (a+b sin 49. a9

b
PRal AR ~1 7
@-bsmo) smo " sin a

Rule 2. [n cxamples no. 4 and 5 we observed that on
differentiating the given integral wr.t. a certain quantity it
took the form which could be easily integrated. After having
calculated the value of the integral (obtained after differen-
tiating the original integral) we integrate w. r. t, the quantity
with which the original integral was differentiated.

Below we shall give some more examples to illustrate the
above two ways of integrating by the princlple of differen-
tiation under the sign of integration.

1
Ex. 6. Esaluate j' log (a* cos® 62 sin® 6) dy.
o
(Delhi Hons. 59, 55 5 Agra 61, 57, 36)
13
I=I' log (a* cos® 444 sia? 6) o,
o

Lodr_ [ 2% cos® § d J"“ 2z df

= o &* cos® Y44 sint ¢ o= ;‘Tﬁ”‘tiﬁ’?
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_J””’ 2asect g di
“Jo (G ¥unts) @+ tant o)
Put tan g=r and adjust the hmits.
. d_{__r" 2edt
: o (1+1%) (o + B3y
Sphit mto partial frac!ions by method of suppression by
putting 2=—1 and —3

Bz

S { A )
@ FEsey ), @B IR

2 t8 ¢ =
— = < -1 70 -1
=gr_g L tan-? = —tan '],,

_x] T
27 (B
Now integrating w.r t. « the quantity w,rt. which we
differentiated the original integral,
I=z log (z+8)+c.
But when 8=a, then

xiz w2 T
laj log a?.1 dﬁ:[f) log u’] 7.2 log a=n log .
. .

s nlog a= log 2a+t-c.
o c=n (log a—log 2a)=wx log 4.

S Jan log (a+B)+w log f=m log —~ +B

% Jog (I +cos a.cos x) dx.

Ex. 7. Evaluate f i
0 cos x

{Agra 63, 56, 48)

I= *12log (1+cos &,cos x)
cos X

dx.

(~—sin a.cos x) 4%

g e 1
. c—l_;:J’, cos x (] +coy « Cos x)
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" —sin a.dx
= 1 2 - 2 * :
Jn kcus >+-sin )+cos [3 (cos 3 sin 2)

Divide above and below by coaz’z—c apd put tan i—‘:/

and adjust the limus,
,odl [t —wne2dy
o oda Jo (I+%)+cos a (I—14)
3 —2smnad
o U1-Hcos aj+{1—cos ), 2*

—2sina dt
Si-cosa J 2 cos* f2

3
2 sin* a:ll.‘H

4 sin af2 cos af2 1 ot 1
PR e e tan=! —0—
2 sin® o2 cot «f2 cot af2 |4
A gl»_—l tan~1 (tan 2)=—-2 3= —d.

Integrating w.r.t, « the quantity w.urt. which we
differentiated the original integral,

L= —fad+c?,

But when asg, cose=0and log 1=0; [ J=0,

2 2
N4 :o el
R 2.4+c, Soe=g
o 1 I
o Je=T o catman [T
S g5 2( m’).

Ex. 8, (a) Show that sf

—l<a< land ~'—; < sint g < ’-2',

L2
j {ogM(l+a €05 X} = sin1 g, .
o cos x (Gujrat 52)
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Procsedmg exactly as in Q. 7, we get
[ 2 2dr i
g — _ _ weha —~aas 1 given
Ta L H+(l)+ll—a) e we have put 1 aasa<. £

2

.=1:,,J':°{A/ :t: }_Hz
=25 [ IR

dr 2
(1}1=\/(l——a') 2= v -a")
Integrating, we get
I=nsin~ ate
When a=0, I=0; . ¢=0 Hencel=nsin"ta
J’ log (l-};;l:: cos x) g
It 1s same as part (a). Replace sin « by a, so that
I=z sin~? a by part (a)
or I=n sin! (sin a)=wz,
-
Ex, 9. Evaluate L ;":1 ;‘% dx.
(Vikram 62 ; Delhi Hons. 54 ; Burdwan Hons. 645
Rajputana 52 ; Nagpur 60 ; Agra 56)
* tan~! ax
I= I tan”t ax
0 X{t+xY)
Differentiating w.r t. a, we get |
dar = 1 k3 el 1
da~}, ¥+ itais ""z_‘- (T+5) U+ax") a
Splmmg into fracufns by method ofs’uppressmn.
a

or

(b)  Prove that

EF o WI=a) (IF 25 " (T=a%) (1 Fa°%%)

[mn-’ X T av]
0

nr

RIS 4 . A
=@ 127 %272 awey
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Integrating both sides w.r.t a, we get

=1—2r log (1+a)+e.
When a=0, /=0. .. c¢==0aslog l==0.

& I=]log (1+a).

0 oo b
€x. 10. Prove that j e sin bx dx=tan=? -,
o X a
o
Hence deduce that J. sin b dx=1,
o X 2

{Poona 60 ; Nagpur 63)
W ,—8T o
- I e*tsin by
0 X
Differentiate both sides w.r.t, b,
{IIHj'““ €% cos bx

»
= e x d\eI e~ ¢os bx dx
db x @

dai e
db ™ a*+b*  [Refer Ex. 3 (¢) P, 30}
Integrating both sides w.r.t. b, we get
lan.-l tan—? [')+c=mn" é+t'.
a a a

When b=0, I=0; ., c=0

“ e=*% sin hx b
s dxestan—t |
o X a
Again putting a=0 and tan~! = -2 n the above, we get
-‘”’ sin bx "
—— dxe=2,
o X

The student would have thought that why not caleculate

i,
€ in this question instead of‘i as it will also eliminate x

db
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dar e '“’smbx

ie., =

{—x) dx=—j £~2% sin bx dx

"_’,_ b
da” " a*£b*  ([Refer Ex. 3 (b) P. 29]
Integrating both sides w.r.t. a, we get

or

! a a
T=—b. > tan=t " em —tan=1 &
b 5 tan b+c tan b+c.

When =0, we do not get the value of (I) and hence we
did not follow it.

However if we put 5=0, then /=0 and tan™ oo =n/2.

S 0= —g+c H

]
Wi

T an-t fmcot-t Gtan-1 2,
B 1=2 tan p=cot b—tan a

1
» tan=! x+cot=! x=2 and cot-! xetan~! ¥

2
Remember that I sm b‘ dx=i it b is -f-ive,
o
In case b is —1ve say —k, then
sin bx==sin (—kx)=—sin kx, where k is +ive.
% g 00 gin
A J ‘?—E—E dx_—-_—I sin kx dx, where k is +ive=—[
x ¢ X

a

o s .
Hence J. sin bx dx=="if bis —ie.
e X 2

Ex. I1. Prove that Jwu (‘"" "') de=75 2 a0
L

1
I=I —.sin? ax dx.
o X
Integrating by parts, we get
w
la[__.l sint ax] +aJ‘ 2 sin ax cos ax

_0+0I M_‘.' dx=a” o
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b
*  we know from Ex. 10 thatJ- sin ox dv——‘lz’.

s ax sm bx

Ex. 12. Evaluate I dx where a and b are

+ive.

0s (b+a) x .

_ 1 [® cos(h—a) 3
=)
Integrating by parts,

1 o
I=—= [cos (b—a) x—cos (h-+a) x]
X 0

+r’ L{(bﬁ-a) s (b-+a) x—(b—a) sin (h—a) x} dx.
L

Clearly the first expression vanishes when x=o0 and
also when x—0, then

Lt)'; [cos (b--a) x—cos (b+a) x]==

_ Lt (b+a)sin (b+a) x—(b—a) sin (b—a) x o
= I e )

x>0
0 o .
. I=0+j’ (b+a) sin (b4a) x dx—'[ (6—a) sin (b—~a) X e
o x '3 x
If b > a, then (b—a) and (b+4) are both ive and we
know from Ex. 10 that
* sin bx LT
j’n = dv=3. if bis +ive.
o l=(b+a)‘32'—(b—a)12'=na.
I b < a, then (b—a) is —ive and we know that

* sin bx
L T llx=—i, if b is —1ve,

o I=(bha) 3(b—a) (—%)anh.
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- dxz?
i a1s +ive and less than 1,
J” s (1+4-a) x+sm (l—a) x

Ex. 13, f oax sin x
o

1
=3
I

== [ ]+2[ ]—< by result Ex. 10,

EX. 14. Proe that
J’”' log (I+y sin? x)

o smix dx=rw V(1431 wheny > 1.
(Bombay 59)
(! ' sin?
= J og(ls;:': B L. Differentiate w.r.t. j.

al 71‘7 1 w12 ] .

dyc:,"o (I+y sin? x) Jipiy S10° X d"EJ‘n TFysntx

Divide above and below by cos? x.

ar (e sec? x dx M s xdx
o7, (I-+1an® X333 tan® » _L I+i(y+1)tan*x
Put /(I+y) tan x=¢; S V) sec? x dx=d!
and adjust the limits,
d—l \f ‘ 1 tan-? !}w——————'ﬂ o
VIR o T 0 =50

Integraung both sides w.r.t. ), the quannty  w.ct.
which we differentiated original integral,

I=Z.2\/(l+_y)+c. When y=0, =0 H

= -1,

S T=a [W(14y) =11
Ex. 15, Jfe* < 1, prove that

J'"' log (1= 2 5in 0) do=rp loglﬂgi:,
.

].

-
1.—," log U—e*sin* o) dd. DT, w.rt e, we gt
o
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41
d’ iz ‘ .
&), Teremee (2ot 0) de
L2 [T —etsin® o L2 "’"(l—ezsm’ﬂ)—'ldg
el t—etsmig e, I—et s e
2 (m 1
“EL (”Aie‘fﬁni a) &
a2 2
a2T 2 ) 2sec 0’; -
e 2 e (I +tan® 8) —e* tan* ¢
w2 "" sec? 6 df
S e TR

Put /(1 —¢°) tan §=t and adjust the limlts,

di_=_2 1 r i _m_ 2 2
e )

de e e yil—e) ), T+
dl = 2 ”
or e s 1Y

e\/(l—e’) w1

coszdz )
Sz oory Where e=sin z
=2f cosec z dz==log (cosec z+cot 2)
- 1 vi-sms ) +v(—ey
= —log [.;mz sin g J log [_____]
.
Henca from (1} by the help of (2), we get
I=mlog et tog TYUZ oy jop LEVIZY
log m+log n=log mn
Ie=m log {14+ (1~€*)}+C.
_When e=0,I=0; ., O=nlog24+C or C=
I=nlog [l +v(l—e¥}—mlog 2
o g V=]

or

—~mnlog 2,

Proved.
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Ex. 16. Prove that
ksd mn"‘ ax ran-‘ Bx (x+B8)*+B
[ el e g22),
(Delhi Hnns. 26 ; Agra 59 ; Gujrat 59)
dl_[® __x_ tan? Bx __J"* tan~? Bx ntBx L m
dz ), (I4aix?)”  xF x (I +ai) o
Dufferentiating again wr t. 8, we get
Vd‘!,uj"" L ST, S J'°° . S
dBdz )}, x Uty Q55" T}, (¥ u+Es)
Spht into parnal fractions by method of suppression.
i _—J' LA P
dsdz (=5 ), \Itaix? [+pixt
= B’[z tan~! ax—$ tan~? Bx] - -
1 - -
=u'-—ﬁi(zi—ﬁ' i)
or & = 1
dddx 2atB
Integrating w.r.t. 8, we get

d, log (a+8)+¢

where ¢ is & constant of mlegrnnon independent of A.

, dar_ o, w
When S=0, ‘-l—;-’ﬂ. Soemmy

JTog = from (1),
~»~— [log (x+B)—log a]
ln!egmung again w.rt. a, we get
1=5 {108 Gxrr =g rop 2 04
” ®
3 [z.lug (z Hz)—fmx— dx— {:.log 2

-‘(x.,!tfi}]'f'l)»
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==;-r~ fo log (+8)—{a—8 log («+B)} -« log «4-2] +D
=% Ue+8) log (a+8)~ log o} +D.

When =0, /=0, . Osg(ﬂlog 8)+D.

& D=—12'Blogﬁ;

1=’i' [(eB) Tog (x+By—a log a—f log §]

'—-"’2-1 {log (z+B)*+8~log a*.8R]
(a+B8)8
o BB 7
§ 3. Integration under the sign of integration. We shall
illustrate this method by taking some suitable examples.

1 xa ]
Ex. 1. We know lhatf xa~1 dxs[ _] =
o aj, a

T
3 tog

Integrating both sides w.r.t. @ within limits «to B,

we get
f f x4-1 da dx—J-

Remember that J‘a' e, O
foga’

. 1 Xd—l 8
A f {log x] dx-[log a]’
J‘.xa_—n_x

Rt dx=log B—log a=log g. ()

Another form,
We know that

I”t"‘"d\‘:-—l [pdr ]mm—.' 0~ 1y=1
o N a N a Ta
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Integrating both sides w.r.t. @ within hmits o to 8,

o
I jﬁ e da rix=fa 5‘3
0o J= «a
% [ o
(Sl ]
o ~X la «

0 pmff__ pwaz 8
[4 e dx= — =log -
T L —x dx=log f—log a=log z
X geaz _ o S 8 e
or L — dx=log o )

Result (2) could also be deduced from result (1) by
making the substitution x=e¢~2; .". dy=—e~* dr=—X dz.
Also —-—loa x.

Also when x=1, =0 and when x=0, z= co.
1 gR x-1__ 1
j il X X rlxslcyglg
o iog x &
0 Bt g~ns
J.,, x.(—2)
"v —!x._t,—ﬂl

(—x d:)slogg

dz=log é

which 1s of the same form as {2).

R T |
Note. If we start with J’ x° :Irn[:+|] =71 and

proceeding as above, we can prove that
1 xl—x» . B+1 tarat 52)
,dorx dr <log o (Gujar.

la’r <log (A+1) (3

Again if we put a=0, then f o8
o

Alternative method by difTerentiation for the last resulls
x’-—l
Let l——j

elop X
L dl_[*af lopx x"" L
[ = [ Ak VETEN ﬁ?’-‘
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Integrating w.r.t. 8, we get
I=log (B+1)+ec.

When =0, I=0; . c=0.
Hence I=log (B4 1), which 15 same as {3).
Ex. 2, Evaluate

™~ w0

J e~%% sin mx dx and I e~ cos mx dx
0 o

and by applying the principle of mtegration under rhe sign of
integration deduce other results.

n
P L

(Refer Ex. 3 P. 29]

Integrating both sides w r t. @, withm limits « to 8,

%0
J J (e=%*.da) sin mx (l\'=f
°

o
We know that f ™% sin mx dx=
o

a‘+m
@ fg-as]B 8
or j -——J sinmy dv=] tan-1 2
0 —X Ja nja
® [otz_g-Bz
or j [ —~———— sin mx dx::mn“é--tan—‘ .. J(2)
0 X m

If we put a=0, Le, e~*%=1, B=w, ie.,, e-2=0), then
we get

 sin mx -
Ju —rdx=!an“‘ w =5 . (3)
The above result we have already proved in Ex. 10,
P.37.

Note. See also Ex. 7 P. 50 for independent proof of (3).
Again integrating both sides of (1) w.r t. m, we get

0 1B
: oz
J“ L (sinmx dm) e ﬁx:j P +m
w Y 3
or J [_595.1’.’5] €97 dyes [log (a’+m~)]
@ a

o x
J‘“ €0 ax—Ccos fx Bt at
" X gl

o dm

[ ch log

.ea{8)
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or

or

Integral Caleulus

1f we put @=0 in the above, then

* cos ax—cos Bx , 1, g . 8 5
L o dx=jleg S=leg o 5
(Vikram 62)
° a
Again J £-% oS mx dXe=—c——n ..o(6)
0 gt

[Ex. 3 (c) P. 30]
Integrating both sides w.r.t. m1, within h'mi:s «to b,

® (8
82 fyren
'[o L (cos mx dnt) e=** dx j a’+m' - dm,

[
[ e av=[an 2
o x @ 3

J.w 18 P90 0% on gy pannt ——lan" - (D
x

Again integrating both sides of (6} w.r.t. (a), we get
0
L L {e~%* da) cos mx dx:j 3’—+77"
Ll 0% g
=J [—x] £08 mix dx=; [Iog (a"+m’)}

» LT
0 o=z o—f2 Albme
L R €0s mx dxsilag o
Some Important Questions
o
Ex. 3. Prove that J e~ %" dx={v/m. [Remember]
(Nagpur 63, 62 ; Karnatak 62 ; Vikram 64 ; Sagar 645
Poona 50, 55 ; Agra 52, 55, 58)
%
Let I=-J. e~** dx,
°
Put x=ap; S dx=szdy.
o l={u e~ a dy.
o

-t

Now multiplying both sides by e
I.e"“’ﬂjm7 e~ U430 g gy,
)

, we get



Definite Integrals 47
Integrating both sides w, r. t. « (Note) within the limits
0 to infinity,
™ g .
IJ’ e"“’dz-—.! j e~ UM o da dy
0 0 0
o 1 e~ (143 =
T
[ 2 (1+y) 4
=1 dy Mf ]” 1z
=I., z 1+y==2['““ =27
=
But J' e~deml; ;. LHS.=LI=l,
o

o
Heace I'=g; I——-I e~ dx= i/,
(1)

Deduction. I:e"’""’ dx-:,z‘ii /.
Put kx=z.
00 ol
o =L e"’.%:};.i.\/rr:%\/w.
Ex. 4. Prove that
[ emtemie e s,
Hence deduce that
J’ ® e—(xaln?) gy VT o ~2a,
0 2
{Rajputana 53, 55, 58 ; Agra 60)
Let I= J e txt e B g,
a

Al [ —ervarpey oo (_200%)
da ) x? N

Now put ;:: A -;1;. dxw==d= and adjust the limits.
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- :Zg,zbz fa p—(atz2427) by dz

w
=—2p Iwe“ @242 8 gy

o
or a1 =201,

da varables separable.

di
. al o
o[-t faa.
oo log I=~2b%atiog o,
where log ¢ 1s constant of ntegration,

o log £= —2b%a  or I=ce—2b'a,
In order to find ¢ we use that when a==0, then

» p
1=J =" dx=27 by deduction Ex. 3 P. 47.
o

Putting for ¢, we get
1=I:°g—(1’+n’/x’) B e ‘2%" o—2ba,
Deduction.  Putting =1, we ge},,,:
J' P (Al gy <
o N
Lx. 5. Prove that

L 5
j e ™% cos 2bx d=
0

- ar 63 ; Raj

Let  ~ % o

—at
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Integrating by parts, we get
—atxt ) °  _atx?
dr [e el sin sz] *J‘ f_a::,zb cos 2bx dx
0 o

| e

g
(In(egrnl of —2xe~*" 15 P——z— )
P

or ZZ:O—-?—I’I variables separable.
, ‘_/!_I_Zé db orlog J= b +)og c.
—b3/at

j__b
Ing2=—~6; or J=ce

When 5=0, then
0

I=I e“’"".l.dx=‘-2/~" by deduction Ex, 3,

o

5 = f =t cos 2bx dem YT ¢ =0,
Ex. 6, Prove that
©
—axt P _‘ﬂ
J e dx 3va (a>0)

and deduce that

"
L 376 =*" ax= Y5, [1.3.5..(20-1)).

(Sagar 64)

We have proved in deduction Ex. 3 P. 47 that
® ket VT
[ P .

0
Putting k=1+/a i ¢ . A?==a, we prove the first part.

Now differentiate the equation
)
—axt ix A

Ju e « =2~va <o ()}

-

n times w.r.t, @ and remember  that ‘—l;,, (e ) myPes

a” n—1 1
and ao (V‘,)"(——l). LiA TS
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and hence deduce the following integrals :—

o [ 2 e 0
o [AIE et e,
1st Method.
ol
dm :0 C::’;:dx
and e[S g
$_ro (1::;;1+—xﬂ)  sin mx dx

J’ sin mx  a®smomx
=1 x Tx(@+x9)

St

..l
.ef2)
...(3)

{Note}

dir
or = —i+a’l by (1) and result Ex. 7, P, 50
LNy P AN
or dm= (' la‘)
L Lodd d
Put I~27’=-v, S T

¢
Hence we have (!—:,-a’)';:O or (Di—a?) v=0,

dni

where D=—‘!‘-
dm

Solution of above differential cquatiou is

Ve Aeo™ 4 Be~*™  or I-— - —Ar.""+Bc‘“"

ofr 1= -—+Ae"'+ﬂ("“"

[ E))
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r" ? g 4P xwuis ©
2Xtan "J’

T, _ 2ty
(6) 4G o xp xuiugs x

.
1o
]
T ip
Ir

0 ©
7 {2) Aq w—" =xp ;m §03 j °

wwe? B2 (0—) 2 urdy

oz _up
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— w

,rvz Lax4,0) x "J’
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‘0xef Ny wdgw utrdy

yor Cee= 3T = a0 -';’,' oSy

smndpe) pratagg
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Alternative method.
We know that
= 0
ze— (@t +at) 2t yo U fo—tartxty 2 - A
.L 2z¢ dr= at4-x? ¢ o GFxE
Multiplying bath sides by cos mx ; we get

w
COSME_1 cos ma.2ze= @+ 2 g,
PLER Rl

Integrate both sides w.r.t. x within limits 0 to « and let

1’” €os mx

. @Fe dx=1I.

w0 po
I=J I cos mx. 2z FHE) & g2 gy,
o

°
> i (% 1

= J. 2ze~ 9" j (e™*% cos mx dx) dz.
['3 L]

But we know from Ex. 5 P, 48 that

-
j =% cos 2bx dxs——-%' e=bla,
o

- 1=.r, 22e‘°'2‘~‘ii_'_"e—mx/4;t dz, 0 a=zand b=t
0 = 2

w

or l=\/nI e @t nefdzty gy
a

=y Ixe_(z'+“_:"%') “ dz.
But we knouw that Ex. 4 P, 47, that
J‘:‘ {e— (x34-a¥/xt) b‘}=\2Lb" e—2ba,
- [;Vﬂ.}i/‘;"e—za'.mlzaai e~am

@ cosmx @
L Formoias e
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oo ),
. I= cos yr o T e
cos br.ZL et dy=2 cos br 73 ¢

=%.e‘“" cos &r by the given result.
(b) Prove asn (a).

® cos mx T va
(c) j (E—F)d“‘ 2 e~ma, (given)
Differentiating both sides w.r t. a, we get

@ cos mx | I R,
L T ¢ [‘7’8 o tmme ]

o

. cos mx a Jm 1

A J. dy=— + 5] e ™
0

(@ x3)? 4 jat
(d) Puotting a=1 in the given result, we have
cos mx -
In +xt dxe=

Put x=tan 4. .. dx=sec? @ dj, and adjust the limits.

. jﬂ/Z cos (m tan )

o (Ltan?d) sec? ¢ d5—~ e

2 =
or j' cos (n1 tan 0) di= 3 e,
o

i ) ° (x*+5%)
Ex. 1. Evaluate [ cosx log Gty d

I=J”m cos x [log (x2+8%)—log (x*-+a?)] dx.
°

. It —2 ® cos X
P d;-—L €08 X\ Ty dxs=—20 L S dx

x*+at
=2 | T el e, 8
Zz[hc ] nes. by Ex. 8 P. 50
Integrating both sides w.r.t, z, we get
I=me~*+c,

where ¢ is a constant which is independent of a.

When a=8, I=0; . e=—ge-B; - [=g(e%—eB
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Dfferentiating (1) w.r.t, m, we get
®  xsmmx o« me
L ‘_.x_“ﬁ—(a’—fhx'):fa {—a) e™s,

o dx:; e-ms,

Again integrating (1) w.r.t. m within limits 0 to m, »¢
ot °°[ Snmx m . w e""‘)”'
& o Lx(@+xY)f, CTa T

® s ox o
o [, St eeshu=em

J"“‘ X sinmx
o

dx=Z ™,

N . < cas mx
EX. 9. Having given that [ o AT
prove the following results ;—

« €os rx T
@) J__w by dx=" e~ cos br.

hd sin rx T oar
®) J.__w Frsr v dx—; € sun br,
< cosmx .
L (_‘—a‘ﬁ-x’)’ {Ix=- + ] e="a,
wfz P
( cos (m tan 8) di== e~m,
) o 3

(3) Put x—b=p, ., x=b+y and dr=dy,
o I= J' cos (br+)r) dy
—

yiFat
®  cos = sinyr
=cos I)rj " y,+‘;, dy—sin br‘[ - i dy.

Now .r JS(x) dx=0, if fix) 15 an odd function of ¥

=2 I:flx) dx

f f(x) 15 an even function of X
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o
& I=cos I)r.ZI COS ¥ fyee2 con br o 7 7
o yit+at T
-=—”; ,€~%7 cos hr by the given result,
[t
(b} Prove as in (a).
ae
(c) I oS nrx dxes T e, (given)

o (@ +x?) 2a
Differentiating both sides w.r t. @, we get

cos /x L | S ma
L m(‘la) dx=—= [_,e +”( m)e~ ]

. ® cos mx dx »__ m omms
v o tagxyr :

) Pumng a=1in lhc given rcsult, we have

cos mx L
— dx== e
Io R 2

Put x==tan 6. .. dx=sec? ¢ Ji, and adjust the limits,

R n2cos (mtan ) __ , -
o Io (1+tant g) °C 4 df= i
(2 -
or j cos (m tan 0) dj= -, e™.
° 2

(x14-8%)
o ad)

ls:Im cos x [log(x’+ﬁ’)-—-log (x*4-a?)] dx.
o

Ldr r
e "' COos Xx.

-2 [~ c"]=—ne’“. by Ex. 8 P. 50

Integrating both sides w.r.t, a, we get
I=ge~*+tc,

»
Ex. 11, Evaluate j cos x log -, dx.
o

t+’

® cos x
dx=—2x L P dx

where ¢ is a constant which 1s independent of «.

When a=8, I=0; . c=—acB; . I=n(e®—e¢-B
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¢ ? fix)
e

in the above integral ;'(T?) s rational algebraic function

in which the numerator f(x) is qr least 1wo degrees less than
that of the denominator F(x).  also ant the roots of the
denominator Fx)=0are supposed to be imaginary.

We are given that Fx)=0 pas all its roots imaginary
ie Fix) is of such a form that will never vanish for any

real value of x., Therefore the funcuon {,? is always finite

%)
for all real values of x,

. ® fix) Lt fipe gy

o A Fm | R

Now we know that imaginary roots occur n conjugate
Pairs and let one of the Pair of roots of F(x)=0 be atibso
that the corresponding factors of F(x) are X—(a+1b) and
X~(a—1b) 1 ¢. (x—a)—1h and (x-aj+ib.  Therefore the
partial fracyons corresponding 1o thess two factors of the
denominator are of the form

L—iAf L+id
(x—a)—15 and =gy
L—uf L+idM 2l (x—a)+ 2415 !
N"‘V(x_.,,_,ﬁ(m*mz_b- BN
2 < Ltfue o
Again f_u (x—a)y*+pt dx Te>0 ~lue (x—a)* L pt dx

_a]me

=2J1[mn-"‘T =-2Al[%—(—»2"~)]=24lhr o))

—lpe
®  2L(x-a) _ Lt fipe 2L (x—:zlyi
and [—m [E2=r LIy —lue (x—ayry 5t

Lt R A 17
=0 L[log {(x a)yt4- by }]._1/,{
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=

Lt Ll pf (1—ave)24 b3%*
>0 108 [ & (T aper F 6007

2
=L log li'=2L log{:us e—->0. . (3)

©
J_w %M” dx==2L log £+ 201
from ), (), 3).
Above gives us the integral corresponding to one pair
of conjugate roots of F(x)=0. If F{x)=0 be of 2n degree,
then we shall have # comjugate pairs and the corresponding
values of L and M in the parual fractions be denoted by
Ly, Ly, Ly...Loand My, My, My ..M, ; then as shown above
for the integral corresponding to one pair, we have
I_mfr(::) dx=(2L, log \’:"+2nM,)+(2L, log"7‘+21r/ll,)
+ot (ZL log «+2m|1 )

=2 (L L+ )log =
+2a (M,+A{,+...+Mn) .4
Also by (1),
f(x) 2L, (x— a,)+2M,b,+ 2[., (G —a.)4-2M.b,
FGa)= 7 x—af T b (x~a 7 +bt

Multiplying both sides by F(x), we get
Jx)=[2L, (x—a,)+2M,b,) (a function of degree x22=2) 4.,
-5y
But fix) is of at least Iwo degrees less than that of
Flx) whose degree is 2n, Hence f(x) will not have the
term of x*°-1, whereas the coeflizient of x*"~!in R.H.S.
will be 2L, 4-2L,+. .. +2L,.
Hence equating the coeflicients of x3=1 in (5), we get
C=2(L+Ls+...+Ly) ... (6)
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Hence from (4) by the help of (6), we get
wa‘(";) dx=2n (M, M+ ..+ M), (D
where Af), Af,,...M, are the imaginary parts of u pairs of
conjugate constants of partial fractions corresponding 1o #
paits of conjugate factors of F{x)=0.
We shall use the result (7) in the following articles.
An important role for partial fractions.
x—1 Six)
(x=2) =3~ Fx)
where F(x)=x3-5x+46, ie F'(x)=2x—5,
S F()y=—1i, F@3)=1.
Now by method of suppression the parual fractions are

Spiit into pattial fractions

2-—_1_ 3—1
= (I3 =3 6=

f12) f3)
Fl)x— 2)+F'(3) x =3y
Hence 1f a be a root of F(x) || 0, then the partial frac-
tion corresponding to factor (x—a) of the denominator of

J(x} i Slx) i
Ffix) Flo)(x—o
o
§5. Tofind the value of integral f foeed dx, where
0

m and n are positive integers and n > m
(Agra 46, 60 ; Rajputana 57)

= e > gt "
J‘_w T xin dx=2 L e dx  (by prop:

w0  yim 1 xm
R ] =L
=} 2 [MyF Mt .. M
= Myt Myt 4 M), (D
where M,, Ms. .M, are the imaginary pasts of the constants
ot partial fractsons.
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Let a-Fib==a say be a root of the equation x**+41=0,
sa that the corresponding factor is x —x=(x—g)—ib and the

N Lo LM
co Pl i
rresponding partial fraction is G=oj=1b and we have to

find the value of A1,
Now as discussed 1n important note, the partial fraction

A . Sl
of F(—x' corresponding to a factor X —a is Fia) =5
Hence L —1M corresponding to root o 15 g(‘ prs

P a3

L-iM=

2n. m""‘EZ/x.u’" .

But ais a root of X +1=0; . a®+1=0 or a**=-—1,
Kt
L L= ()
Now we should find «, whare @ 1s 4 rost of 1 4x" =0,
So XM= — 1 =c0s wrd-i sin a=cos (2ra+n)Li sin (2rr 7).
x=[cos (2r-1) wze s1n {2r1) a]iien

2r+) = QRr+1)n
=cos T-‘L’ TSm0

where r=20, 1, 2, ...(n—1}, each valuc of r giving rise to

two values of x
or x=cos ‘2'+ ‘) S T rn (2542‘”11?.

.
. Vo (+Dw r+1)w
S asgtib=cos Ti's"T'

& u”"“wcos(zr-"” Qm+1) a+isin 2,+I) 2m+l)yw

or g™t =cos (2r41) 044 sin (2r4-1) 4, where (J=2—'1;—Z:-l~ T

and r==0, 1, 2, ...(n~1).
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23y
Hence from (2), L—1M="" —
—2n

ar L——iM==-—-2L" {cos (e + 1y 84t sin (20 - 1) 616

Equating imaginary parts, we get
AI::Z—‘—" sin (2r+1) 0, where r==0, 1, 2, ...(1—1)

Let the values of M, corresponding 1o values of r be
dencted by AL, M, A, LM,
S My MM+ M,
=;; [stn G+s1n 39+sin 50+, ..sin (2n—1) §). ...()

Now we know from author’s Trigonometry that sum of
the sines of angles (angles being in A.P.)

hi¥
s =5 an (ls! angle-k-last angle).
sin dllf. 2

2

o MMM,
28
[IR) d+{2n—1) k
==2—-”.—n-zT m[ 72-~——]
2

1 sin®né 1 sin? 2m+1) "
T2 s 2nsiad 2

v g @mtl),

T
LR ( » 2

- Ty N ) 2n s =Y

1

= c(®
2nsin @
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Hence from (1) by the help of (4).

el x?nl ". Py
J dx=n3 M= L —
0 l+x"' 21 sto 9 onam (211;:;1) -
£ xRm Zm+l
or L i dx= 7 cosec (—z—n— n). e (5)
©w 2m
§ 6. To find the value of Ju lfx‘; dx, where m, n are

+ive integers and n > m,

The equation 1 —x#"=0 has two real roots +1 and —1}
and the rest (21 —2) are all 1maginary m (1—1) conjugate
pairs. The partial fractions corresponding to +1 and —1

(@)

@
according to rule Fa = are

(e j.L(_' ,__)
(1 (x=1) 2n \x+1 x—1
1

Taia=xy"
We shall show thatj = X‘)dx -0,
dx *® dx
o 1—x* J’x ==

Put .x==% in the 2nd integral; .\ dx-:—l—‘ dz.

. J’” de _[° —1ztdr_ dz_ __(* dx
co ) i), G- ) 1= o 1—x?
© dx 1 dx 1 dx

of Sl el S S22 =0,
r -[u 1-x2 L T—x J, I—x? o

Hence we show that the part of definite integral corres-
ponding to real roots of J—x*"=0 vaoishes and we have
now to cousider the integral cocresponding to (n—1)
conjugate pairs of 1maginary roots,
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being real corresponding to r=0 and n, i.e. x=4-1.
. —cos ™4 sin T
S amatih=cos "+ sin r

S a™H=cos %T (2m+1)-+1sin :—T @m+1)
==cos 6+ s r6, where E=(2'—"l;*-—l«)1r.
: M=
S L= = y (2)
or L- i;’l{:—-zl" (cos r@+-1sm1 10}, r=1,2, ...(n~1).
Equating imaginary parts, we get Al=%‘ sin 0.

Let the values of A correspondmng to {n—1J) values of r
be denoted by Afy, M, ..M,
s MMy M

[sin 64sin 204-...4 510 (u—1]

2_
_l_ sin (n—1) 6/2 \ [gj-(:i-—l)ﬂ
2n sin 02 20

a8 there are (n—1) terms

or 2 M= .8in (n—1) 8/2 sin ngj2. oo (2)

1
2n sin 6)2
Now sin (n—1) §8.s1 26/2

=lsin ﬂ9«:059——;‘059—(-] i 8) in 0
3 3 7 sin 5} sin’,

(sm‘ 20 cos g—l sinng.sin g) Put =

2m41)
2 n

7.

S n@=(m4 1} 7 o sin u@=sin 2m+1) w=0

and
and  sint 7 =sind 2m+ 1) 3 ~==sm‘ (-mfr-f-;)m(i))’a 1.
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@ x
I w 1— xzn‘lx 27 (MMt Moy}

where M), M,, .. M, ate the imaginary parts of the cons
tants of partial fractions

o
or 2 J' k=2 (Mo Myt o2 M),

n
o 1—x

w o yam .
Jo D dEmn O My M kD)

Let a+ib=a say be the umaginary root of t—xt*=0,
se that the corresponding factor 1s x —a=(x—a)—ib and the
—l'M

and we have to
—a)—

corresponding partial fractton be - L
find the value of M.

Now as discussed in important note P. 58 the partial
fraction corresponding to factor (x—a) of

fxy. f
F«x) F’(u) (x—a)

. o S
Hence L—iM correspondimg 10 a root « is ?,(K)
aimtl
~2nz"" = g

S L—iM=

But « is tmagivary root of 1 =x*=0; .. a*=l.

Now we should find «, where « is the imaginary root of
1—x%=0.
x==]=cos 04:/ sin 0=(cos 2raki sin 2rx).
r .. i
& x=(cos 2ra1 sin 2rr)i*r=cos (;’-in sin 7;)-
where r=1, 2...(n=1).

each value of r giving 1ise to two roots and thus (1~ 1) values
of r will give us (2n—2) imaginary roots and the rest (w0
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being real corresponding to r=0 and n, re. x=4-1.
o a=atih=cos T+ sin o,
n n
S wt=cos -"-:5 (2m+D+1sn %T (2m+1)

=cos ro+ sim 19, where 0=(2’"h+ l—)q-r.

admtl
by ()

S LM =

or L-— iM=—%1 {cos r@+isw 1), r=1,2, ...(a—1)
Equating imaginary parts, we get M=7l" sin 0.

Let the values of Af corresponding to (n—1) values of r
be denoted by Afy, M, ..M, ;.
S Myt M,
=,Zl" [sin g+sin 20+4...-+sm (n—1]
oL osin(n—1) 82 #+@m—1)0
T smoz " 2 :
as there are (n—1) teims

or M sin (r—1) 6/2 s nfj2. v ef2)

1
Y 2nsingf2"
Now sin (n—1) $6.sin #8/2

=(sin ﬁ;cos g—cos e n? in"
3 7 S )sm

2 2 2
fsint ™ 05 8L i ¥ el
(sm 5 Cos 3 2sml:o.sm2 . Put g= a7

S nGe=(2m+ 1) w or sin nf=sin 2m+1) a=0

and sint 2 i - ot | e (N
nd sint 5 sm’(ZnH-l)2 Sln’(-"ﬂ'f'z) (kip=1.
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. 1 [ )
SO MMM e —— =0
1Mt M, S an o3 (l.c052
by (2
18 4
=3, cot 5 O]
Hence from (1) by the help of (4), we have
00 xl B
L T dx—ﬂ(ﬂl,+lllg+...lll,,_,)—— €0t
Q2m+ I)
o jo 1—x* dx= 2n ot
§ 7. Some important deductions.
We have proved the following definite ntegrals
< x 7 2m+-1 !
L e dx=g cosec T e
A L 2m+1 2)
and J.o 1~ n dx==g cot = .2

By making proper substitutions we shall deduce certain
standard results from (1) and (2).
2m+1

(a) Put x**=zand el where a is less than umty.
Soo 2nxtt dxedlr,
2m+1 2m+1—2n
Also a—1=T_1=__5"_. .

o xm dz ”
~ L 1oz * I =, cosec an
@ [xIn] (amil-tnistn

00 yimil-mm
or L X‘_*_: dz=w cosec an orI _—l—-}-_.—_d:

=77 cosed a7

% o=l (l)
ar Jn ifz dz=1n cosce ar. .
Similarly from (2) by the same substitution, we get
zl—l
— dz=m cot am, se(d)

o 1-2
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(b) Again putting z°=21n (3) and (4), we get aze- dz
=du and adjust the fimits

1 (o
‘%J‘a %mzw cosec aw and e L T—%’:" cot aw
or I H——i:m:a" coset ar ... (5
'

and L T_E!’Em:“" cot am, .«..(6)

Another form of (5) and (6).

Let us put 5::‘ andasa< i, r>t

* dn 4
Then L TTw = osee ¢ )
® du -
and [Tt )

§8. To prove that

LN

I Frsciant] see 5 I dx.
atownds @ L‘far’ S

,L ioxix o3y A1 dx.

We know that
© n i [P am
L Fran d.\_L_\,,H d,\+J‘ S e
Put x=~_]- in the sccond and adjust the limits,

(=
J,\-H‘]Y I(l
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Henee fmm (l) by the h"lp of (2), we h.m.

dx dx o I

,\-‘l n\_‘--I ,,.;’—rl'
J" aren dy ]
oy rv ) x
Now put v =z L. H. S. integral : & 2xdx-de
J"’ - J ol dr (“)(--”- J.

AN R
o oot

2 ), TheE 2
IJ‘ - (n+l)-l

wluch s of the form

<
j‘n
nzl

w0

AP n41 B

T (I\z»~ = cosce — u; 5 COseC (:, g 1)
s A1 2°2

i

X

dz— m cosee an.

T

9ty

~Tsect, L
Hence from (3) and (4), we get
Xogx -Ix L nw_ [* A )
L(H-x“) A Au el Mo B

Similarly proceeding as above, we can show that

0 xm Ix tamdy_ 1 xmn i v‘—x"‘""
[ shm- [ i e[ $555
Also on putting a?==z in L.H. S ﬁ will reduce to fort?

_Arailen-=t

2), TT—:
% ca-1
i— dz=-2 cot ar and here a-"+l
. Pan—xndx 1 nt+l
. s G—x ) % 53 cot 2"

nr
=—gco!< —.‘—B} 5 fan I

@ xn—x-ndy_ o nmw_ f*® xn
e =5 tan =] 5
o o M—1

- dx.
x—xt x 2
.
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Dedwitions.
Pottarg v ¢ * w8 sl (@ that
d
g
A aevedr e eald
Absuliens =,z 0 uwbast 0.2 &,
# e vade ow av
T PR
. © AT a2 ke
- f. errien bR gy
Now pat ae- o
- L a
I‘ e v dr ey )
Agaim we hnow that
=g v T
o oA =g 2 2
Proceeding as abore, we hase
CAVe gats P
“eee ere {~ a2} L a0
- 2 X
Putting nw-sa, we gat
S e e 1. a
. eTe dx ‘3 tan . (B

Note.  Before dong questions 1o follow, students shaidd

mohe sure that they remember the resolts of all the formulae
and dediuctions prased so fur on P. 50, 64 and 67,

Laereives
I n lies bemveen —J and -1, show that

.z =
f tan ¢y - —
hd 2o s

AV N

(Agra 45, )
g s sect UL L S
Puttan @ .x; sec3dd - da or di [P enee O
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®oam i nmw w <
I-I Lo e dx—g see 5 - + (R.5P.66)
e 1-2 2 nm
2 s
* 14
Ea. 2, L v 3
= tmdy w Cm-1) l)
w VLA o . 64
¢ hnow lh:nI T 3 SO T (P. 64
Put m -0 and # -2 1n the above
J’" dr Tt T
o 1-vw "3%'37g
1 [IA ™ L
Ex. 3. L Ume—a cosec
1 I' e
Ay =
1 i n
Put \"-I—J". S T dx=— n+1 dy.

1
Also when x—1, then p:(} , . y==c0 and when x=0.
then ’%.-—oo S &
0 l \'l+l
=f, s -I
But $_I=L‘ )" —yr=1 or

i
(

= L.

L Tym

Agam we know that

Qmtl) l)
L s dx_ 7 COSEC “—p =
Put!mg m=0 and n== n/2 we get
dy

”
T coser 1.
-+ n "
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(O] J‘a o d 7 casee 2

Rp )lu n T

It is exactly as part () l~r v
actly as p. Ak “Jo s [aryr -

Now put (Z)‘Jl >-‘1—,;. ete

Ex. 4. Prove that

i =l o kd
L?l o (Feey sin e

where ) < n < 1 (Agra 51)
3 ..
Puat = A
= g
Also when x-20, z==0 and when v—=1, then z—~o0.
=f e ’
I eyt 1+-‘i) = (|+ T
t+z, 1+
%0 -t
j 14z U+r))
Againput z (140)=¢: = (Lcyde—dt.
: 1 2yl gy [ o
“Fo L (] '(1ch‘*(|‘+5)‘- I el

, wherea < 1.

{Result 3 P, 64]

Now we know that _‘- ‘+ \m an

1 L
I—rm.m. where n < [,

1 260 !
Ex. 5. Prove that j S dz—7 cot am—=.
o 1z a

(Sagar 62 ; Vikram 63 ; Rajputana 63, 49)
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()

- J G

__{= 1 1 za—1 1 1 -1 .
L] + =5 d:=45+ =z d:.

’“‘*f - Sawn. .0

1
Put z= " the Jast integral,
1 ~—a 1 A% l Oﬂaa—l
dz=I »._(; & )=—J' T ax
= w(j_l) X , =5
X

_I"':"“ - O

-z

Hence from (2) by the help of (3), we get

(R.4P. 69

1 xm+x—m ‘I_E
o Xt X" T X
The form of the given mtegral gives us the idea to
reduce it to the form
txndxnde @ nm (2 X {s8P. 65

I = Fe| v

o ¥Hxt X 2T, Tan
Put x~—=z in the given integral, so that

Ex. 6. Evaluate L where n > .

dx dy d=
A Jy—de: . oo eds of =
nxvldy—dz: Coon ot T,



i
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Also X—zlUs or M=z,
. l—l 1 -mrn..l_'-m’n d= 1 L m .
w5 Z LT (D).
bdr__ g
Ex. 7. Evaluate [ (eu+1::)_(;_,—,r ) dx.

The form of the given integral gives us the idea to
educc it to the forms
0 gusfemt a. oox—gmas
L e dz—1} sec 2 and [ e dz=1tan i
The numerator of given integral by a;:tual multiph-
cation is
= [f'LH” #_ p-tatd) '.'] dv J» [euwn T g—ta-d) | dx
R ovE_ ¥ . T _gmnx
a+h a—>b
—itan —=—ttan - (R.8 P. 67)
. fut+b a—b
1 SIH(T'T) sin b

2 axb___a—bhTcosatcos b’
cos T €Oos '—2—

2 cos & cos é
Ex. 8. Prove (et (e 2 2.
evT e cos a-t-cos b
Proceding cxactly as above and using Ist formula given
in Ex. 7,

Y OO B
2 cos a+b cos a—b R.7P.67)
2 2
cos +cos + 2 cos a cos !7
N 2 2
2 cos _a_—;_b cos gz_b cos a+cos b

o b
Ex. 9. Emluarej. e tet

o e Sl ax dx.
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.
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We know that  sinax= _’_:le""
(5ﬁ?+e-¢z) (B et) (o e-'“)
-y SRR

Procecding asin Ex 7

1 e0HY) 2o p~phia) &
=% [_[ PRV ET] ]d“

(d--1a) x___ —(b-ll) £
_ f ¢ o
o

orE_ i
a1 bia b—1q
=3; i[mn 5= —tan —T]
sn b+ia h—ia
I S W
212 cos btm cos b—zm

1 sm a l Ssmha

s sin fa—1sinh g and cos ja=cosh g.

% gbr_ o-br

, T cos ax dx.

Ex. 10.  Evaluarz I

20 (g0 = g-b3) ((195 kg 19%)
1=} j e dx

gipria) 2 pmtvi 4 ,.»—m s_,—u ws
A0 e
a

Tl

b+ia b—1a sf (b—;w" h;m)
[&‘-‘“ tian =it e
-

il

€05 =5~ cos

sin b _
=3cos biZcosha

sn A cov it
tan A=-tan Bu =270, o

\
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.

@ g7y pbr

Ex. I11. Evaluate L = cos ax dx

Proceeding exa;:(ly ag above E

cos b/2 cosh af.

“TCos btcosha

»
Ex, 12. Prove that f
0

Proceeding as above,
1
I- 2

ia
;'3 tan 5

«
2 _cos (b/2) (e remady

2co8 htentea

smaf _ lee~1
o*e __pome 4'-“‘#‘

[ a
ztjlnmnh2

_le‘“'z—e‘"_"’ et
TR TR T @

Ex. 13. Prove that

J“‘“ cosh ax cosh bx
cosh x

e (F) e (5)

cos an-t+-cos b

73

~1 < (atby < 1.

J’ (ter) (@oteds) o

T

elafb)z+e—(n+vlz pletizy p—laty
2

e’+c"”

ST =g Uy,

Put x=nz; ). dy=mad:z

[ ewid) e p o
]‘—i .

Similarly, l,—:’-; sec

(avd) »s P ,: (,,,*_b)”

PLIRPatT o 7 e

(a- b)-rr
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-3 -1
21 3 locos (a i b) #f2.cos (a—b) /2
. ™ cos %" cos l%" .
" ¢Os am +cos b
Note.  Below we shall give certain questions which after
applyyzg the principle of differentiation or integration under
the sigit of ntegration reduce 1o the standard form already
discussed before in § 7 P. 64.

ke [cos (a+b) 7r/2+C0'S (a—b) n/2]

Ex. 14. Evaluate the following mtegrals :—

® 201 Jog x @ yo-1 ]og X
I AT feg X VT 0B X .,
. D L T dx, (i) L T~ d\
(Agra 1948)
The forms of the above mtegrals giveus an ideato
reduce them to the standard form

* ~a-1
I i z== cot am,
€

R 3and 4 P. 64

% —a—1 l
dz=m7 cosec am
L 14z

Also remember that
d coe A e
P ()= logz; = o* (a®)=a" log a.

Differentiating both the standard forms w.r.t. a under
the sign of integration, we get

06 :a—l 1 = 5
J' OB T e i? cosec? ax

o -z
© .a-1 g =

and J. ‘-a-lr# dz=—n* coses an cot am.
o z

Above gives us the valuss of the given integrals if we
change the variable of integration to x instead of z.
il it el

1 a
—— x dx=, scC? -
o CTIeTE 4 2

Ex. 15. proe that
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1
It follows at once by diﬂcrcnlxa‘gng w r.t. a the result

0 cur_ peox 1
€ & a
- Comn g 4
L P r""‘ 3 tan 3

Ex. 16, Prove that J‘ ¥ Iﬂg‘\ dx—
L3 1 !

(Aﬂra 52, 56, 64 ; Rajputana 57)
b nw
We know that L g ; dx— scc 7 158 P. 65}
Henee if 7 be the given mmgral.
oo .
I—j vlogx .
s lixz '»
Integrating w.r.t r, we get 4

J’I«Irt-L e zdr%s

?r I I zlr~—-— sec ;—r
Differentiating bmh s:dcs Wt Py
=" * jan wr__ @t sin nr/Z
=23 %¢ 2 2 4 costarf2 .
1 xa-l_x—s dx tan ma
Ex. 17, Prove that L T m:log =

(Rajputana 50)
We know that logtan x/2 1s the integral of cosec x.
Hence we should choose a formula, which involves cose¢ ax

whose integral is Z log tan —2~
o Fiaed T
‘We know that J- T— dz=1 cosec am.
o l+

Let the given integral be ‘I and in order to efiminate
log x, we differentiate it w.r.i. @ and remember that

"l 2! 3 . (I 0} —
IIV(H) aloga; P x}=x*log x,
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zll Pyeigya dx
- T il . Jussey)
. da jn Ty o8~ “log x= l+v d\‘+f l+x‘x

A8-1
Now = casec an

r (IH_J. Py d\'.

1 . . .
Put x—2 i the last integral and adjust the limits.

o L
_ 1 ya-1 d
- COSCC am I+\‘ \"+I
)a ~1 1 z-a d=.
= l+\' +,[ l+- .
=2 3 v
 COSCC amr L = :ir+J ]+‘ d=.

Hence fro m(1) and (2). we get

dl -
==m COseC an
da

Integrating both sides w.r.t. a, we get

L =a ma
I~; log tan T +c =log tun 5 +e

a
When a:-:%. then clearly 7—0 and iog tan "-i'

—log tan gvlog 1-0: ). e=0.
~. I-log 1an 12‘-'
1 ye 2 dx Sin am
Ex. 18.  Prove thar L ‘_r___’"g —clog (_&"_.)
(Agra 63)

Il' the given integral be I, then in order to climinstc
Iog v asin Ex. 17,
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o .
»!05\’0‘1\’»0 .
or 5 (See Ex. 5 P. 69 for proof]

Integrating both sides w r.t a, we get
s am

I=log sin ar—loga Fc—log - 2 " TC
Now when a=0, then /-0
0- log [Sm an ]—rc.

(?
Also we know that when ¢ >0 %27 |

Q=log w+¢ or c= —log 7.
. lge S (an) e lan (ST AT
o log ——"—log w==log ( ar )



CHAPTER 11

BETA AND GAMMA FUNCTIONS

§ 1. Definitiofs. In B.Sc. integral calculus, we had
stated that

. " r (m;—l) r (n—;—l)
I sin™ 6 cos®  do= )
' r (*37)

We had also stated that I'(n4-1)=n !, Tt=+/7.

Here below we give the definitions of Beta and Gamma
functions which define the first and sccond Eulerian integrals

1
as B, m):J x#1 (1—x)™1 dx called Beta function
o

o
and 1’n=j e~ xo~1 dx called Gamma function
L]

and arc read as Beta /; m and Gamma » respectively.
(Gauhati Hons. 63 ; Dclhi Hons. 61, 55 ; Vikram 64)

The constants /, m, # occuring in the above functions
are -+wve numbers, which may be integrals or fractions.

§ 2. Propertics.

() ‘lhe function B(l, m) is symmetrical wrt. I,
p.e. B m)=B (m, J).

1
B, m)-_-J AR (L ymet e,
L]
Now by property 1V of definite integrals,
.

_L ftv 1L\—-J: Sla—v) dx.
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1 S
B, m)=[ (=)t [L-=(1— ) e
(1]

1
;I amb(l ap-ldx
o

or B (I, my= B (m, 1) Proved?
(b) Evaluation of Beta function B, (1, m).

B, m):‘jl w1 (1— )t d.
0

Let us suppose that m is a +ive integer ; then 1ntegra-
ting by parts keeping (1—x)m-! as first function, we have

B, m)»~[ (1= m- 1] f— l)j xt(l—x=t dx .

or B(l, m)*('i UJ. xt(1—aym3 dx

Agam mtegrating by parts as above, we get
B (l, my="—— (m—l) '(:1’:‘2) f AP (F—x)ot dx.
Continuing the above process of infegrating by parts,
we get
(=0 (m-2)...2.1 et
TOF. (!+m——2) "' "8
B @, m (m—1)! m is a -+ive int
) M=rETY), S aLms2) (H—m g ive integer.
In case I alone is +ive integer, then since B (/, m)
=B (m, I), we can say that

p— 1]
BQ, no:ml(;lzm-}-l iy lis a +ive integer,
In case both I and m are -ive integers, then multiplying
abave and belowby 1.2.3...({—1) ar 1.2.3.. (m—1}, wecan
say that

n—)!1-p!
B, m):g(l-kx)u——-(_l)_'ll—’ both | and m are - ive integers

B (l, m)=1=r
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(c) Evaluation of Gamma functionn > 1.
To prove that 'm=@>1) F'(a—1).
(Karnatak 64 ; Nagpur 63 ; Delhi Houns. 56)

%
I'n:J' xn-le=z dx.
o
Integrating by parts keeping y»=1 as first function,
$ o0 o0
In- [—c*f.\"'" ] +(n— l)j Xn-2e=% (X,
0 0

Lt ot
Now —
-1 n-1
and Lt x» _ Lt 2
A—r0 €F T X-—r00 1
+\“,,+3,+ +"|+-~~
.k [ N
Ta—w | [ |
An-1 T gn-2 | (T yn-2 2 !+

0

8|~

o n—@—1) r An-teea(u—1) F(u—1).
o

Hence we conclude that Fn—=(n—1) ['(n—1). (Remember)-
Arguing as above, we can say that
Fn—1)=@m-2)I'(n-2)
n -(n- 1) (n—2) r(p-2).
Hence mcase n be a rive integer, then proceeding as
above, we can say that
Tn- (n—=1) (1 -2) (n—3)...3 2.4.I1,
- = 1%
whete Il -I AVl dy .[—r'] ..—[ .J =1.
° la
S M- (@-1)w—2)(n=3)...3.2.1=(n-1)
(l(cmcmbcr)

Henee we cant say that
gn n—l)l‘(n—~|) I’ur;lluluu.ol‘n,
In- (u—1)! wheo nis o} ive integer,
R re 1.
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Also it can be verified that T0=w and I'(~n)=oo,
where i is a +ve integer.
& ]
Ex. Prove that ]' RIS LSS )

° antt
Put ax=t and proceed as above

§ 3. Transformation of Gamma functions.
w0
We know that I'n:!. an-lexdx * - (D
L]
Letus put a=4y; .. dy=Adp.
o o
S Fu:[ hAoiye-leody Lo dy=jk» I ymlew dy,
L o
0 I'n
. S gy —,
@ o L yelentv dy h» (Very Important)
Agamn put x»=y mn (I): J mot dye==dy and —x=—yl/s,
20
I"n:! j e dy,
nl,

%
W o | e ay=arm-rasn.
0
Cor. If we put n=} in the above result, we get

ad .
J' e dy=4T}.
o

(Ex. 3 P. 46)
=iy o Ti=va
7 i L=z (Remember)
Again put e==ym (1} 7, —e* dx=dy and eﬂ:l.
¥y
.\*=ng;. When x=0, y=1 and when x=c0, y==0,

0 ¢ yn-1

l'nzj (Iug —) (—dy)
1 bg

n J" (1 1)""' 4 :
= og = .
o\ By Y (Bombay 59)
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w©
Ex. ). Doglvate e=**dv andhence show that T=\r-

o
Sce Ex 3 P 46 for first part and result (€) cor. abore for N
part

¥ 4. Transformation of Beta function.
1

We khnow that B(/. m) J' v (Lt dv— 8 (o 1)
o

i {
s L. "
Put fept dx -- Ty dy.

1y Ty
When v Ly 0. whena 0, p- o

yred 1
b m I" (I4|)' i o
or B(, m) L -y dy.
Again we hnow that 8(, m) 1s symmetrical w.r.t. fm.
-
hence B, J' P S
¢ b |, iegyee

The latter form could be directly obtwned 1f we P

in the onpinal form.

§ 5. Relation between Beta and Gamma fusctivas
To prove that B {1, 1) .- I'(Il l'(m)

(Jinaji 66 ; Gauhatl Hoas, 63 Hknm 64, 62 ; Gujrat 5-.

Agra 49, 51, 84, 62; Sazar 62, 66; Rajputana 233

Delhi Hoas, 54. 56, 57, 61; Vihram 62, 643

Bombay 59; Pusjab 60 ; Karsatak 64, 63

- N

Prom 3 3 Haowlt (a) we knva that I yirbe = a

N
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™
or r(l):!’ hatlemar D
0

2
Also I (m):«“. smdes oz
Multiplying both sides of (1) by z»-%2-2, we get
1106} -vu«!e—n/j Zitn—loes (nl,\,_x dx.
o

Tntegrating both sides w.r.t. 2 within limits 0 to o, we
get

£ 20
r(;)j‘ om-1g-3 d;:—,f [!’ 2wy -3 gmaiztl) ,(-] Ay,
o o
But r’ U =Semattl) Jy = (k]
o

by result (a) § 3,

(T xyrvm
. X et T
ie. Io yrlemiy d)-»—l:"—.

00 A\l-‘l
[‘(!).l‘(m):j-D I'd4my. (11\—)—,—;;;(1.\'
SIERY S
=T (1+ni) [ g
> I Temy=T(l4+m) BU, myby § 4.
L@.Im
B(l)== TOFm) Proved,
Deduction, Putting I fm=1, m=(1—/) and (=1,
we get
rra—-n_ I U S e L
»_Q_.l____.gﬂ(l,m)— . TFge— O TFE dx,
But from § 7 Result 3 P. 64, we know that
K

».
L ftt-—x"!'\ ;nl <L
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ra r(x-u:sleﬂ

or mra- n)_sm nw @

(Sagar 63 ; Agra 50, 52, 59, 62 ; Gujrat 59)
Putting n=% in the above and sin 7»r=l, we get
I'Hr@g)y== or rG=+=.

We have proved that I'(n) I'(l——n)fsm gl

Multiply both sides by » and put n["(n}=I(1+1)-

FQ1+m) F(A—m)= =7 .-

Exercise

Ex. 1. Prove that

5

p+q+2)
2r( ]
(Gauhati Hons. 65 ; Karnatak 64, 63 ; Rajputana 55

I(m) I'(n)
20 (m+-n)’

(n her)

/2 r(
I sin® § cos? ¢ do=
0

iz
or I sintm=1 0 cos*t g do=
L3
1
We know that B (m, 11)=I xm=d (1—x)n=tdx
[
RytD] I'(n) )

Ion+n)”
Put x=sin*8; .. dx=2sin 6 cosfdf.

r a1 (L—x)n=t dx
o

13
=j‘. sinim=2 g cosim-2 9,2 sin A cos 4 di
0
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L) I'(m) E 2m-1 2n-1
or T —2 S’ # cos*™1 ¢ de.
/2 Ly I'(ny 1
o] 21—1 — L
L sin2m-1 ¢ cos’ 9 do i _ZB (m, n).
But 2m—1=p, 1 0., m—pj:1
and n—1-=gq or n—q;—l.

r(”“)
I-/z in? ¢ cos? ¢ df——————
. sin (T i S
2
Ex. 2. (a) Evaluate the integral
j " (xma)™ (h—x)" dv.
a
where m and n are + ive integers. (Rajputana 60)
Put x—=a sin? 8+4b cos® 4.
dx=-—2 (b—a) sin 6 cos 0 da,
x—a=b cos? 8—a (1—sin® §)=(b—a) cos? 0,
b—x=b (1—cos? f)—a sin? §=(h—a) sin 4.
When x==h, then sm? #=0, . §=0, and when x=a,
cos 0=0; . f=n/2.
I_—.—r (h—a)™ cos®™ g (h-—-a)" sin? 0
2
%{—2 (b—a) sin 9 cos ¢ dv}
12
or I=2 (b—a)ymintt r sin?™1 g cosimil g df
o
2n4-14-1 L 2m--14-1
r T

T =2 (h—gytntl et &
or =2 (b—ay™> or 2 FTE 152
r___?‘.__._
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B F@n4-1)IFn+1)
I- — +a+1 —
(b—aymee Tm-+n+-2)
=(b—a)y™"+ B (n+1, n41).
(b)  Prove that

14
j (5} (b x)r dx=(b—a)™~1 Bim, 1),
s
(Delhi Hons. 61 ; Karnatak 64 5 Agra 45, 49)
Procecding exactiy as above,
FmIn
I'(n+n)
In can be easily venified 1f we put m—1 and n—1 for
and n respectively in the result of part (a)

I=(b—ag)mtn1 :(b_a)m+n—l B(n, n).

E 3 Prov 1 2/2 as "2 . dﬂa
x. 3, Prove that L mxfn V/(sin ) di=m.
(Karnatak 64 ; Agra 53, 55)

w2 *i2
:I (sin 8)~12 cos? § dax-‘. sl g cos® 8 do
o [

. ~gto+2) zr(**"*z)
_n.ryrry
BRETE T T

T}/ and 3= J‘(}-}-I)—grlas I'(n+1)—nl'ﬂ-

x2 dx
(1 xq)mx a +\.1)w’41/1
(Rajputana 63)

Ex. 4. Prove that

I=ILx 1y
Putting x3=sin 0 in h, we get

*i2sin @ cos f 1 J'-/: - R
= — s =5 sinl’2 § cos® @ db
h L cos 4724/ (sin ) 2)s >
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=1
toay brete.; - 3 mpn [ .
Put ay bycte.: . B(n, uy=amb J'“ T
TmIn
a'"l;" Fnrm”

1
T B(m, u)=
© * st x oy an-1 n on

o @Ehcos x)n (@b (_7' 2/

I L4 (2 sin X/2 cos x/2)» dv_»
f [(&H—b) cos? ;f(n‘b) sin? ;J“
] P

gn-1 g tann? I;ﬂscc2 % dy a—b x
= F———o——"  Put —— tan®*5={-
(a+b)n ), (l+a~b Lant x) n a+b 2

a+b 3

a+b n-2)/z
_ 2t o g ab"'
“WL T aEnr a=b
_ 2n-1 = _pwna
(R (a'-TanI R

a+n?2
=(;,£_1[}:)-;,,.5 ( '—') by §4P. 82,

V(8in x) dyes oy
o BF3cosxy " 29702

Ex. 6, Prove that [n. I'(n+%)—22,,,, I(2n).

{d) Prove that

(Gauhati Hons. 63 ; Delhi Hons. 58, 55, 53 ; Raj- 573
Indore 66 ; Agra, 46, 51, 55)
2 I'm I
J.: sin?m-1 g cos?1 ¢ dfi= 2[.1(7:":"). LD
(Ex. 1 P. 89
Put n=1} or 2n—1=0.

T _ rm )
L sin®m-1 ¢ da‘ﬁ(*,ﬂ:».
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Again putting m=n to get ['(2m) from (1),

b (Cm)?

-1 gt Ay

In (sin § cos ) dj= 207m

1 il PR (1 m)*

or sz (oun 2087 0= 3y
Put 20=1 and adjust the limits.

L7 inomet g gy SLF

T L sin tde= I Cmy’

i3 "i2
But j sin® v tL\':ZJ sin® v dx by Prop. VI.
o

| S L _{Tmp
bl L sttt = )

ot I I¥rfm _ (Tm)*
753 IFm £y 21‘(2m)

rm(n+i)=

2,:":‘ 2m).

You may replace m by n or we should have written
gamma function as

12
I' sin2e=1 g cos?m~t g df and put 2m—1=0.
0

Note. If we put 2z or 2m=p, then the above result
takes the form I‘(’z’) r(ﬂi‘)=‘/“ Ip.

3 ) T
Ex.7. Fmd thevalue of J dx

VU=x)  (Agra 52, 57
Put xm=sin? § or x=sin¥n g,

dx::% sint?/n1=1 g cos 0 dg.

s (-10)] i 0+

=2 [ " Gnemt g Jy—2
i, E

1 142
2r[2 (ﬁ—1+o+z]
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Integrai Caiculys

1 1
A O )
n 21'(1 +1) n I'(l-r
no2 ”

- P dx
Ex. 8. Evaluare L (]ﬁ'\?v])T/n'

Putting x*—sin? § as in Ex. 7,

72 [*sin/m-1 0 cos 6 dy
T}, cos¥n §

2 (w2
- f sint/m=1 g cosl~'ns g fp,
o

n
1 1
rar(1-1)
]~Z n n

n 2r1
Now we know I'n I'(1 —:1):5";”"17 and I'l=1.
1 -

Tatsman’
1If l:—j’l (ldTX“)“_“' then putting n—=6, we get
o —

o ™

l 8

g : [r3)

Ex. 9. Prove that I (I —xmtin dem— b2
0

2, r([Z’)

rir(i+}

Pdtting am==sin? ¢ as in Ex. 7,

1=2 Im sintermi-t g cogzm g dp=2 L V-
nly

®. 83)
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[ B2 17*
2l ]

n 2431‘2 2n fg

an n
»/2
Ex. 10. Show that I tan? @ 1/9~12: sec 27 (Agra 49)
o
wz f(’iﬂ) F(}—:fp)
1=I sin? @ cos~7 § dg— XL 2L,
0 Zr(ﬂ——p+2)

Both p-1 and 1—p should be +ve1¢ > 0.
Inother words, p > ~land1 > pie. 1 > p > —1L

f(”%—‘)f(‘_—%ﬁ.

2r1

Itis of the form I'n F(1—m)=

sin fr (*. 83)

-7 e b
p+1 2. (7 pm
sin —i—w s|n(2+,)

L _Tsects
cos ’i; 2 2
Ex. 11. Prove that [(3—x) TG +x)=(} —x%) = sec nx.
We know that I'(n+1)=nl"n.
L.H.S.=(}~¥) [(}-x) G+x) I'}+x)

=@—x).I¢—x).[1— (-]

~
fi
baf =

i

Nl:i

=(}—x%) = sec wx.

" 7
== sin(3—x) =

Fal(t—n)= =", [R.2P. 3]
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1 xm-l -1
Ex. 12 Ew wrlan
x. 12, Evaluaze o (I4x)men 9%
(Burdwan Hons. 64 ; Agra 57, 62)
We know that B (m, n)= f (l A Lo [n

Xyt [ (mitn)

1 ymai -
= In Ty & j e 1_‘,),,,”_ e dx =11, say.

G
Put x':% mih;o ’zZJ‘l ( s

l—) dy
;n_T_;)“ (=)0

7
TJ’ “*::),’_’:,_Jrj' (li:)',m d\'::j:(—l'%\_);-—-;dx
or =B (m, n)— 1'[(-:1,1'-1{‘1':)

Ex. 13. ? o o 0 0. (Agra 4
X 13 J-" W X m > 0,n > 0.

§—F—1,and J; can be shown 10 be equal to J; 3¢ ir
Q. 12,

Otherwise also, f,~=B(m, n) and L,—B(n, m): but W&
know that B(m. n) ~B(n,m): ., L1y or I-:0.
* 3 (] - 1%)

Ex. 14, PrmelharL ~(’_}—_x):,4l,\’—-().
W ¢ 0\l
”[ (117):.-‘]- - ;)?.“'X
Xxis-1
j‘ (l—}!)””" J‘(lﬂrr)“"d‘
or - (9, 15)~B(15.9)-0 o Bem.my~Bu. Tl

|
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' ey (d+xh) 1
Ex. 15, Prove that J‘o “TF0E = 35005

Proceeding as above, I=B(5, 10)-+ B(10, 5)=25(5, 10).

5 I5.10 74'9' s 43L1L~___1.
2 eI 4T3 12.10.10 971 5605
Ex. 16. Evaluate L am (=P dx. (Nagpur 62)

£
We know that _L xet (l—xp»* da=B (I, ’”)=I_%+LI'3)'
Put x#=zor x=2z¥ . ‘1"':1 smt dz
and pr—— "
I:r mn (l_,:)p.l otlm-t gz
o n

1 I"+|__| 1 I
:-J' 2n (1»:)w+‘»-'.(l::,~zu("'+ +1)

nly

. ("’“) r(p+n

i r(’iﬂ+:y
Ex. 17. (a) Prove that

[[am o

ifp>0, :1) > 0, m4-1 > 0, n+1 > 0. {Bombay 59)

Put x=pv.z when x¥=p, =1, x=0, z=0 efc, as in

Q. 16.
Lawt (J—xn-l B (m, n)
Ex. 18. Prove that L latmymwn Y=g Tt
(Gauhati Hons. 63 5 Agra 58 ; Rajputana 53, 50)
43
B(m, n)= I 3 L=yt dy ()

1
Pt = 0 (1) s v @ E

pantmil o (n+1 m+ [)
7 y———
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Whenx 1.3 ), and when v -0, y-0.
v(lia) a(l -x)
I e
Loyl a1 et (!_:x)‘.| a :“‘L){[J

1
{
Bom. ) Jo (@ T @Eer @y
1 w1 — n-1
(I-aman L * (afl’\)—.,%— dx.
1 Imln |
4oy o= [iprn)

Abo t p

1- QA apran Biun, my=
4 -V (@ -x)m=tdy B(l,m)

) Prove thar j' x Tldy_ B,

(a1 bx)ism 145,

° o al+ ()S:gar 64)

.h 1
Put y — Lbf\,r mn L (1)t dy=B (4 m)-

Ex. 19, Proveshat
2L +h)—1.3.5...Qu—1).y/=.

We know that F'{(n+ l)znl‘na
i+ty o f20—10
L@+ h r(—T)AI'(—2—+l)
- - — ~3 =3
R lr(Zn 1)_ 2n—1 2n sr( 112 )

3z 27) T T2
2n—1 2n-3 §2—]I‘ .
I R TR A B S V]

20 [+ 3)=(21—1).(21—3).5.3.1 /= ;
0 Fy=y/mand 1, 3,5,...(2n—1) are n pumbess an
hence the factor 27,
Ex. 20, Prove that
r‘ =X A dx=/m.
]

Put x¥=z or 2xdv=d:i.

1.3.5.. -(2'1—1)."" =X, y2att AL
1 Jo

el
F] &

- -
I=I ety v} e En-liE (foe }I ez
o

o 0
-1 ‘.211;}—1;:'(211-4) (211;3)...5 3.1 by Q. 19
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w
RHS.= Y7 [1.3.5. (2:1«1)].&] emezntIet gy,
PLNTR o

The integral is clearly I'(n--1)}=n .
RHS = V7 135 @u-Di@mh

ot
2,
e NS NI )

Ex. 28, Show that the suit of the series
1 mu+l) 1 m(mtD) (mt2) 1

A " - T
P s L S e R T
. . Ln+l) I'(1~m)
“ b8 Tln~m+2y~
We know that
Tn+1) f(m+l)

Bu+1, m+1)= I an (1 - dy=—rr T
Putung —m for m, we get
L+0).[(1—m)y X (lex) dx

Ln—m-+2)
5 .
=I (H—m +m (m+1) 1@1—31)‘11112) .\“+...)zlx
° !
_ Xl xn+e oy (”,+]) xnt3
*[m*““m* 2T a3

nz (m+l) (m42) anti 1
l1+4+ ]
1 1 m (m—H) 1

TES| ap2tTTa ‘nt3
m (m+ l) (m+”) 1
atd

Ex. 22. By picans of the integral I am=t (I—av)n dy,
o
prove that
A

1
oV Gna) (i—=1) 5.7 v T2a). l(""z) n2r

+<._(_.”,"__ e e
Gndna) () U e (m-a) (n+2ay...0n¥na)”
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I= flA’"‘[ m"+"(n D] ”“+...]

0

[\m xmta ” (”_ l) xm+2a ]I
1

et
n m+a T2 m+2a

nn—1 1
= m " n_HTa+ (' )
T ‘m+Za

Agam putting x°=z or x=zls,

A=l otm-1ya dx:l 20la)-1,
a
- 1
I= J’ zta-lia (] —zjn = :um 14
_lj ZOwa=1 (]—2)n gz
=z), s)ynd:

"
1., (m 1 ( )I'(n—{—l)
or I=EB( R = I TN
I‘(I +n+1)

ey
). G

an+t nt
a (m+nd).. (m+2mf+T)rﬁ
N an!
T nna) (m+2a) (n+a)y m’
. Equating the values of 1, we get
1 1 n(n—1) _L_

eyt ~
m m-+ta 2! m+2a

or ==~

ann ! .
¥ na). 424 (n+- rErLd
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Also {rom author’s Trigonometery for B.Sc. Classes,
[Deduction (b) P ], we know that

sinng_ o k) 2

Pyt =2n1gp (B—f-?’) s (9+;)...

sin (GH—"——‘Z,;) s (a+"—”_—]n).
Lt sin n8_ Lt ncosnd
0—0 sin @ 8—0 cosd

27 n—2 n—1
=23 Tstn 2 sn P o sin 2l @)
n i n n

Putting #=-0, =

. 26-1 Qm)in-12
2 -1 2 . — =
Piom n ot P= N7
Hence I })r 3) I "_f_l)_wlf,
n n/ ’ n/  +n
If we put n==9, we get
9-1)7;
riT: r;%-%‘”:x%a (Rajputans 50

If we put n=10, we get
s (2,,)(10—1;/2

I Ifs.. T T
9/2
or (Y reo)y. I 9)—‘3;')
§ 7. Real and imaginary parts.
Evaluate the integrals H

© %0
J' €92 ¢os bx.x"! dx and I €7 sin bx.x™? dx.
o o .
(Agra 60)
Both the above integrals are respectively the real and
imaginary parts of
) %
I ema2 g2 =1 fx  or off e=ta=it) = ym=l dx,
o o

< €os 84-7 sin f=c’
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Now from § 3 (a) P 81, we know that

fad B I'n
L g~kz gm-l d\“l‘T

rem (@
@by Im (@ELE
Let us puta=r cos 8, b=r sm §in R.H 8.

53
o J‘ e~ 2 \m-b fyo= 1T
)

o
I e=%% (o3 ba i st ba) av-ldy
e

—Im ™ (cos 8+ sin g™

rim
o
or J. {c=%% cos bx.am~t1e7% sin by -1
0
T i
= (cos m-+1 sin mf).
Equating real and imoginary parts, we get
o " Im
f (e~9* cos bx . x"" d\'ﬁ;,; cos mf
o
d Tm
and J. e sin ba. ! dnss o sin md
o

where  ri=y/(a24-b%) ond # =tan- lﬁ)'

Exercise
Ex. ). Proie that

[o Xxe~e* cos bx. l/\—a( ’+b*)’ wherea > 0

Put pp—1==1, i.e., m=21in § 7 P. 98 ; we get

® r " 1 l—tan? g

—cs e v LS cos 2ee e i Itan?

L 26767 cos by dy=—7 €05 20 (@ E T Fani e
1 | ey X

" G 0T
Note. Students should procecd dircetly as in & 7 with
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the calculation of
Im xz-le‘u_c-b2=jm e—ta-ib) T y2-1 d,\»:h__l?'.._
o o (a—ib)*
_y la+ibp?  a*—b*4i2ab
@) T (@b
Put ¢¥*=cos bx+i sin bx and equate real and imagmary

parts.
L aﬂ-b‘:
—ar ¢ dy=
fu Ae7%% cos bx dx—(a-’-f»b“)”
® | 2ab
and L xe~% sm bx dx=(—aT+——b._,).z.
Alternative Method.
™
We know I e cos bx dx= %, Q.3 (c)P. 30
° a4+ b
dar_ = (@*+b9.1~a.2a
o= —xecos bx dx= “air By
(@—b)
T@EFR
. © _ a8
A J’“ Xe~v* cos bx—(zm.
0
Again L e~ sin bx dx—(?a_bz)
di N b.2a
17(72," —Xe~ sin bx dx=: ~ @

2
. ot 5 o, 2ab
. J.o xe~% sin bx dx—(ﬂz+b,)z.
Ex. 2. Evaluate
Jm xm-1 cos bx dx and j xm=b sin bx dx.

We hnow that
0 I'm Im0-+0)"
= w3 X —
e e e b (G

o
. ~ Im m . oma
_[’_'(msz-r: s1n g) g 908 ( #isin' 5~ )
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Equating real and imaginary parts, we get the value of
given integrals as

I'm mm Tm . mrx
00 5 and by sin 5 respectively.

it follows at once from § 7 P 98 by putting =0 so that
tan 9—9—,00 or 0‘:721 and r—4/(0+56%)=b.

Q
T+1) cos ';—”
Ex. 3. l’ cos (bVm) di==m . (Vikram 64)
Put zVn—yx, . z=xn or dr=nxn-l
I:nj xn=Lcos by dy=n. %Z cos ' by Q 2.
[Students should prove the above result asin Q. 2]
But T(n+1)=nln
l:r—('[:"il—) cos I Proved.
Ex. 4, Prove that J- x-tg—ax? dxﬁgnn
Put x3=z; . 2vdx=dz,
™ . 1
I=J. X2 p—@X g zlx:.-ij w-tp-az
o Q
:%% Proved.

w
Ex. 5. Evaluate j cox b" dz and f i b‘ dz,
L3

‘We know the following formulae :

j“’ Jp— In
azxnl Jym—,
0

an

b -
PR and f e79% cos bx dx= Tﬂz‘
Now F—f: roe-".x"" dx. (1)
o

o
j €~ sin bx dx=
¢
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r—»" <os br== c‘-'".cos bz.xwt dx.
o

Integrating bmh sides w.r.t. z withmn limits D to co,

w - o e E
I'n J coib. d:;j U €37 cos bz d:J X1y,
0 hd 0 L]

- X
Aj‘o ETeE dwg-[ b2+x=d\"

Again put  x=by.

by
= == -1 .
rn 1 L B (IL)P’-) b dy j b= l—ry{l)
bl oo nr . [® an o nw
w25 L E Tl e
[§8 P. 65]

Agamn multiply both sides of (1) by sin bz.

0

Ly{ sin b.:f e~ sin br xnt dx.
o

lntegra\ing both sides w.r.t. = within imits 0 to =,

. o
L b’ dz= ro“. =% sin bz dz ] xn-t dx,
o o

o Tn l:J
0

ant dx,

b
[XES
Again put x—by

. _[* bt Ry J'”Li Y
RS I’ILI-L FO55) (b dy)=b , I35 dy
It Ed <
L2 clu—1) 2 p. 65}
or 1 Ti e 5¢¢ {n—1) 3 i§8

Ed nmw
2 COSCC 5

na_ @ "z
e (n—l)— scc— |5 75 | ==C0seC 5.



CHAPTER NN
DIR{CHLET'S THEOREM
§1. Double Integration. In cartesian co-ordinates the
d . b (f(x)
ouble integration I dx dy represents the area of
ale

the curve y=f(x} enclosed between ordimates x—a and v=h.
In the above notation the right hand element indicates the
first integration.

Simularly in polar co-ordinates the double mtegration

B (Lo,
LJ- ) r d dr represents the area of the curve r=f(6)
D]

enclosed between two radu vectors drawn at the pownts whose
vectorial angles arc z and 8 respectively. The right hand
clement denotes the first integration,
Similarly under suitable hmits the triple integral
“-J- dx dy dz stands for the volume of a solid.
§2. Dirichlet's Theorem. The theorem states that
j‘. . f T b g Tl dyg. L dxe
_ Iy ray) . I'(ln)
Re by
I(H 11+|z+ l) (Remember)
where the integral is extended to all positive values of the
variables subject to the condition X, +Xo+...%a < 1.
{Calcutta Hons. 61 ; Vikram 65, 64 ; Agra 53, 50 ;
Punjab 52 ; Nagpur 62)
We shall prove the above theorem by the method of
induction, i. e first prove it for =2, 3 and then assuming it
o0 hold for n=n, we shall show that it also holds good for
a==n41 and hence unmversally true
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Two Variables.

J.I ot b=t dx, dx, (where x;4+x, < 1)

= Ih).rdy
TR {Karaatak 62)
Let us denote the above double integral by /,.
J. j T xhldgdy (yte <))

-I e

== ph=l q—xph =1 gy,

’s °
1 I() [t D)
=1‘ By b D=1
JARA) o
TRUhD)

I(n+1)="nln.
Above shows that the theorem holds good for n==2.
Particular Case. In case x,+x,<h (instead  of
XX < 1), then put 3 ,—— uy and ¥ b —ul, so that uy+u, < 1

Also dxy=h duy and dxg=h ¢qu. so that
],:J’I .‘,‘I,—I.X:l.—l dy dx,
=II (/m,)’n".(hu,)’l"l (h diey) (h dity)
=h"+’-J.I =V h=V duy du,  where uytup < 1
FO).LO) it of 3, 4-x, < 4. .
R (TS A}

Hence the changing of condition from x4 < !
Xpx, % hgives rise to the factor A+ in the answer.

to
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_I "xl"‘ dv, J‘I , j \.:l,.—1‘ "a""- »

(Xnp)fmtr=1 dxy. . .dvng
1
:L bV, (1= v)htht
W) T - L)

YT+ )
T).T0y) . .Tlnu) T .Tlh+b+. . dant1)

I ES SR A R RS AU A
TUY-T(_ Illw)
TR AL F )

Above shows that the theorem holds for (1+-1) variables
as well Also we have actually shown that the theorem
holds for two and three varnables Hence the theorem holds
good for any number of variables

§ 3. Liouvilte’s extension of Dirichlet’s Theorem.

Statement. If x, y, z are all +ive such that

by < (X+¥y+2) < hy

then ‘UJ. xi-lym-iga-l F(x+y+z) dx.dy.dz

Il Im.In ( -
“T+mtm) Ik Fm & dn.
(Rajputana 49, 55, 58 ; Agra 52, 57, 64)
We have by Dirichlet’s Theorem that if x+4-y+z <M
r'.Im.In
D SR G e 2 o2 1 £ bomtn,
then lzﬂ—J’ yi-tym=lza=t dx dy d= FO T’ e

)]
Agam if x4-y+= < h+8h, then
o fi.im.In tmt e
[7ﬁfil+ln+n)'(h+ah) .

From (1) and (2), we conclude that the vafue of /
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extended to all such positive values of the variables such that
their sum lies between / and i1+ 15
Ll.Tm.n
J= Lombn _ Jl4+m
I(t471+m+n [Gh-ahytemen—ptamer],
To a first order of approximatton,
(x+8x)"—xr==mn! 3¢

IiFmIn
o I:__\__ﬁ +mit -1 .
L 4-T+m-+n) U ftem Sh
Now I(l4n)=nln
_ rirmrn s
= fmim Jritm 8h

Hence the integral
“' F(\4-y+42) a-dym-lon-t dx dy gz
taken between the same lumits has for jts vajue

Tifmln
Sl htmin—1 5
FOmEn Fiy i 8.
When By < (x+y+2) < hy, the value of integral is
_IirmIn s Limtn—-1
L{+m-+ny Jn iy Remnt di
Now we shall illustrate the above articles by giving
stitable examples.

Exercise

Ex. 1. Evaluate the mtegral ”"‘. xi-tpmelon-t e dy Jz,
where x,y, = are all +ive but linited by the condition
AL (Y :)r <1
3 <
(Vikram 621; Sagar 63 ; Agra 50, 53, 56 ; Punjab 52)
In order to reduce the above integral to Dirichlet’s form,

A\ p a
we put (%) =y or x=autr; .. (I,\-=;' WL gy ote.
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3
M dx:a‘-lu(l-ll/l’,g_,,(!—m/p du=;~— W=y,

Similarly put (Z)qzv and (5)':»; etc.
b c
Hence subject to the condition that u+v4w < 1, the
given mtegral 1s

1 pm on
]7“_p£q : I .[u(”'”-‘ vy ir=1 dy dy dw

al.bm.c"r ) (m) (11)
= by Dirichlet’s Theorem.

pagr T(1+ I+m+f

Ex. 2. Show that of I, m, n are all 4-ive,

I m\ L fi
athmen r(z) I‘( 7) 1'(3)

J’” byt st dx dy de=" (l+m+n+2)

2

where the maltiple mntegral 1s taken throughoust that part o

the ellipsoid & =1 which lies i the +ive oclant.
(Punjab 60)

For points inside th'- positive octant of cllipsord, #¢
have +b2+ <1

Hence proceeding as in Ex. 1 or putting p=q=r=1 in
the result of Ex. 1, we get the required result at once.

Ex. 3. Show thar

Xy dx dy==ieniem

Throm
rq +Iﬂ+“
for all -ive values of x and y lying inside the circle

Y2pylinp?,
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2 2]
2+[2 <L

I =

Asin Ex. 2, we have x*4-32 ¢ or

a

Put =u and 'sz where u4v << 1
Now proceeding as m Ex. 1, we get the required result.

Ex. 4. Evaluate III xyz dx dy d= taking throughout thz

T - - -
ellipsoid Ia‘_"{"%?'Lc < /.
a2 a
—_— . == .2 = -1/
Put F=H. S x=a (2 or dx*2 u du.
Soox dx:;: du:;—") w1 du.

Let us evaluate the given integral for +1ve octant first.
2 b2
I”‘a b c— w-h =~ gy v dw,
where u+v+4w < 1 for 4ive octant
@t TICITL  giPc?_a®hcr g*biet
=TR MO IF1+D) T84 T 83T A
Hence for the whole elipsoid, the given 1ntegralis

25208 2h2¢
SX%-C-:AH bﬁ as there are 8 octants.

//\
~

Ex, 5. Evaluate III dx dy dz, where > ""b"+ s

Proceedmg as above,
I J'J'J’E b £ =A== gy dy v,
where utv4w < 1

_abc (y/m)® _abc wy/m
DT FEEDT 8 Tlve
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Ex. 8. Find the value of III log (x r y+-2) dudy dz,

the mtegral exten ling over all - ive values of X, ¥, z, subject
10 the condition x + y~ = <2 1 (Agra 45, 54, 57)

Here x, p, = are all —we and ther sum s less than 1,
ie. 0 < (x4 y42) < L.

lr;J'II log (v y oz Iyl dy dy dz

=z I;; ["l ['l I log (h) R+t-1 dh

;-‘—_13 J ¢ log hdh
-3 [g’ tog i3 j ” dh]
:;-‘ [g log & ]1 77%
sl o 0= D = Hy UL
Lo

Ex. 9. FEwaluate IJ‘ estves da dy dz tahen over -ive
octant, such that x+y+z < 1. (Rajputana 55)

Here in -+1ve octant x, y, = are all +ive.
S 0< x+ytzg L.
Henee proceeding eaactly as in £x. 8,

TN
lmr—sj i ehdh.

Integrating successively by parts,

- [c» e 2/,+2)]l =1 [e—2]=le—1.
A
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Ex. 6. Fud the value of ” I dxy dXg, . .dXn exten-
ded to all positwve values of the rariables, subject to the
condition NPt x2 4. g << REL (Agra 67)

2
Put (};) =, or u=Rul?; 1]X,=§ u =1 diny.

Also ettt e < L

( ) II ju, =ty =Y b duydig. . i

ReTr Dy R (Y
[N S =754 .
i Fa+-3+1+. H™ 2» r(H—g)
Ex. 7. Prove that the area w the positive quadrant
benween the cune an-yn=a» and the axes is
@ [[(/m]

2n I'(2n) (Gujrat 52)

We B a "
<) =u, o x=autt dye== utin-ldy,
4, n

arca:—-” dx ‘ly:::—; ” =1 pim=ey dy,

where u+r < 1

) O o [T
R R ]

Now we shall give some exampfes based on Liouville’s
cxtension of Dirichlet’s Theorem, i.¢.

I'”' F(x-y+3) xb-tym=izn-t v dy dz

FlL.Tm[n (i .
= raemen I, F(h) livmsn=t dp,

where fy < (vory < hy
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Ex. 8. Find the value of J’”l log (x~ y~ 2}y dx dy dz,

the mtegral exten ling over all 4-ive values of X, y. =, subject
10 the condition x-+y~ z < 1 (Agra 45, 54, 57)
are all +ive and their sum s less than 1,

o)y < L
,,_-”J' log (a p~ z) AV iyr-izi-ldy dy dz
rnrirt .
l'il—#li-l) J‘ log (h) M1+t gl
1

=53 j I log I dh

é-[ - log Il—-—» h? dh]
‘5[111 I»I ‘ R
=33 BT f, T TTE
Lt logx_ Lt /v
x>0 T/x3 7 x—0 —3/x¢

t 3
g 102 4=0x 00 —

EX. 9. Eialuate IIJ e+ dx dy dz tahen over +ive
octant, such that x+y+z < 1 (Rajputana 55)

Here 1n --ive octant x, y, 7 are all +ive,
0 < x+tptzg L

Hence proceeding euclly asin Ex. 8,
I—_——I—J- v dh.
Integrating successively by parts,

% [ cn.(lz=—2/.+2)]: =1 [e—2)=}e—1.
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Ex. 6. Fmd the value of “. I dag dx, ..dva exten-

ded to all positive values of the rariables, subject to the
condition YR FXR L AR < R (Agra 67)

Put (.;;)';"‘ or \y—Riplr, - dx,=§ ud=~" duy.

Also iy~ g <<
Py =t w iy duy. . duy
LB (e
A 2

'
r(lfi)
Ex. 7. Prove that the arca w the posune quadrant

between the curve an+yn=car and the axes is
a (L i
2n T(2/n) (Gujrat 52)

x\» a
D) =n, 00 x==aulm, dx=— atWm-1dy
a n

.- ﬂrca:JJ dx dy:lf:—_: -” wuttm=2 ym=tdy dy,

where u+v < 1

)T

Now we shall give some examples based on Liouville’s
extension of Dirichlet’s Theorem, re.
”‘J‘ F(x+y+z) x-ym-1z-1 dx dy dz

Ti.ImTn (M
AR Fl tntn-1 dfy
L(Frmm I, QK ’

where Iy << (x4 y+2) < by

="
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Ex. 8. Find the value of I“ log (x+3+2) dx dy d,

the tegral extending over all +4-ive values of x, y, =, subject
10 the condition x-+y+z </ (Agra 45, 54, 57)
Here x, », z are all +wve and their sum 1s less than I,
fe.0< (x4+y+2) <1
i= III log (x 4 p4-2) AI-ipt1si-l e dy dz
Il rl I;_l_ * U 11411
=I‘(1~H+ 5 I log (/). I dh

-5 1’ 1 Yog I b

—,1;[2 log /:—-j he d/l]

B g BT L
=33 1og -5 , T
Lt Lt logx Lt lfx
=0 X log A—-0x @0 T/ar = 50 — 3t

Lt —?
“x03 0

Ex. 9. Ewaluate ‘”I e+ dx dy d= taken over +ne
octant, such that x+-y+2 < 1. (Rajputana 55)
Here in +1wve octant v, p, zarcall rive.
oo 0 by Ll
Hence pmcccding eagctly as in Ex. 8,

~F3 IEoeddi,

Integrating succcssnvcly by parts,

_Al: [ oA -2 2)]: s fe—2)-le—1.
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Ex. 10, Ewluate ’UJ‘ Xyz sin (x+y+z) dx dy dz Jor

all +1ve values of the variables subject to the condition

X+y+r < 3 (Agra 63, 53)
Here also 0 < x+ytzg 3"2_
1. _U_[ stn (x+y+z) a1yt dx dy dz

f2r27r2 (=2

“F3i25% 2+2) s el gy ‘

1
=i /,s sin h dh.

Integrating suoccsswely by parts,
:,-514, [ h® (—cos i) —(50) (—sm M)+ (2043 (cos h)
2
— (604 (sin 1)-+(1208) (—cus J}—120 (—sin &) ]"’
0

All the above vanish for h==0 and all those which

o o o
involve cos / vanish for I=-2—.

_.1 A\ -0 (7Y .- i) ]
1._~20[-5 (5) -1 60(2) A()—120 (= 1)
1[5

\26{‘6”"5 —HZO]

2i% [ 4842-+384].

Ex. 11, Prove that lvjj’jj‘ dn dy dz dw for all 1alues

of the variables for which x~4y2+z2-u? is not less than a* and

ot 1=

not greater than b* s }%‘ (b—a'), (Punjab 60)
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Here we are given that  a? < a3+)3 4 0 4n¥ < b2
In order to reduce to standard form put X*=1,.
s Y=+t and dy=}u, du=§u,"“du.

@ < b Uyt << b

I~ IIII uy i =l =g = Va8 =1 du, dug duy dug
LT TOIOIO i
% IE+iFYEY  Ja

by Liouville’s theorem

Ll 2
=-l-13 (‘{“;) L'h rih:% (b —a" Prosed.

Ex. 12, Prove that when x4 y < hand X, y are +ie,
I J.F’(x+ 3) N1yt d dy= =2 [F(B)— F0). .

sut i
When 0 < x4y < h, we have by Liouville’s theorem,
:jjpl(\,_l_y) AL p=hma dJ'

{'IUI:—F(FD f F* (B fwv-o-1 gp,
Now we know that I'(n) I‘(l—-n)__ém e [p. 83)

R j F) dios [1(1.)]

s (FU) - FO)).

Bx. 13, Prove tht ‘”.\"' 3 et v e (1)
< sinly
exiended to afl positive values subject 10 (3 < b
Procecd exuctly as in Q. 12,



116 Integral Caleulus
when extended for all +oive vatues of x, y, subjected to the
condition x+y < o
Questions reducible to Liouville’s Theorem
Ex. 19. Ealuate the integral
J’ I I _dxy dxy. . dyy
\/(a--r1 2, xnd)’

the wtegral being extended to all 4-ive values of the variables

for which the expression 1s real. (Indore 66 ; Agra 1959)
The cxpression will be real if @ —x2—x,%. .xp > 0.
or 0 < 24P+ gt <t
In order to reduce to the standard form put x=;.
=V

dx, =4t lctc

ud— R
duy du,. . .diin
( ) J‘J‘ I[ﬂ'~(u1+u,+. AT )]u. ity dug. .
where 0 < -yt .. .lin < G

I\» T3.TY.. T} (e hiead
() TG+ B ) VE@E=h)

Put /=a®sin?d

(l)ﬂ T TS 00T i sin 0 cos 0 0

=\3) ‘Fm2) ), V(@—a*sm?y)
avt et j"l in"- 8 do
“wram e 5, '

. i
~ sy zf(l)wzr )

N inty2

U
= g™ an I_(nf—l) 2~r(’i'2
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Ex. 20. Evalvate the tegrals *

dy dy dz
o [{fFetei s
(Sagar 62 ; Agra 60, 52, 66 ; Rajputana 52, 63)

@ [[] s =50

{Vikram 63 3 Sagur 643 Agm 50, 65 ; Rajputana 50, 58 ;
Pb. 52)
the ntegrals bewng extended to all +ive values of the variables
Jor wluch the expression is real
Both the above are particular cases of Ex. 19, Putting
n-=3, we get

#ta®  n'a?
i VI

Again putting a— 1 for sccond integral, I—Sf
Ex. 21. Evaluate
jj A/(%.\YLZ—Z%%) dx dy, where g:,,\_’g < 1.
(Gauhati Hons. 67 ; Cal. Hons. 61)
In order to reduce to standard form, put i;—::u
or v=au.

‘lx:—; Wi~ du,

_I[ ﬁ/{i—:g:i:;} i) g vi=1dy dv,

b L0 - where 0 < u4v < 1
=2 =0 pids-t
=7 r(xﬂ)f J(l+/.) i dh

ab wab (72 N
e L 5 dh= F jn © (1—sin @) dg,

nab & wab (=
]"[B+c°5 0) =7 [i-—l}.

where fi==sin ¢
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Ex. 22.  Evaluate
J.J.J‘ V(@B —b%2xt— 20— %% dx dy dz

2 o2
taken throughout the ellipsoid 2+ b"+ =1 (Punjab 59)
Let us consider the integral first within the positive
octant and then for throughout the e]hpsoid multiply by 8.

e[ JOE) o

Put a£z=“ as in Ex. 21.

be
—abe @
l*az‘g8

”‘J. VL= @+v+w) b= bd=hel=1 dy dv di,
where 0 < uv4w <1
1
B — v gl gy
5 raTirh J, -
ahted Y2
8 I
athrct ot 3T a*bcindi 1y/m _w'abic?

8 [ I3 =8 2dT 32

1—x1—y .
EX. 23. Evaluate ”J’ ,/(l+:2+;2+-=) dx dy d=, mte
gral beng taken over all positive values of X, ¥, 7 such that

Xyt L (Rajputana 65, Punjzb 56)
Putting x2=u ctc,, we get

A Jg v

where 0 < utr+w <1
_ray r J( =t dh
or =37 )\

ahc? ryryri

f’ =1 (4 —hyi=1 dp
0
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7t 1—-h
R . L
=3 n\/(l—/l’)‘\' b dh,
Put /f=z or h—+/z. .. dh—lzvids.

=7 r (1—-z)-%2 [1— 203 214 12102 gz
4 ?
" ' oyl (==l iy (fe
4L(\ 2y et ez d
L2 i Y - [ -
= R O L N B L '] iz
ARERICS a-at-1]
—3 [B& DB 3]
You may put the answer n the form of Gamma function
N T'mrIn
by replacing B(m, n) by m
Ex. 24. Prove that
b e~ xi=t dx zly=—7-; (—e%)

where D is the region defined by x > 0, y > 0, x*+) < R2,
(Gujrat 52)
Put x*=uetc. -, 0 <utr < R

1=} J‘J‘ emtwrond=lpb=1 gy oo

R* vl
Bl'lrj[ e i i g
o
Rt
L

Ex. 25. With certain restrictions on the values of a, b, m
and n, prove that
» =
—(art 4" zma genm LmIn
[ e e s 520
(

=3
=13.
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Let us put ax?=y, byt—y,

_ 1 WD S
X~“Ta\/ll and dx ~1va = du ete,

Also u and v are all t
should be +ive

0 < uty <oo.

I=J‘J’ et W yn=l gy dy
dampn ¢

1 Im.run (=

—_—— T -h -1
or 1 T Fia ), © el gy,
Now I'n:J‘ =% xn-1 (x,
1 ImIn 1' m.In

= Aamon T(m )" Flntny= aam

o be +ive and hence ¢ and b

Proved.



CHAPTER IV

VOLUMES AND SURFACES

§ 1. Formula for volume. The volume of a solid is
given by the formula [ff dx dy dz where the limits of
integration are to be so chosen as tonclude the whole
required volume

We know that mass =volume - density.

—~{ff p dx dy d=.

il x.p dx dy dz

Centroid of mass vtmm and  similar ex-

pressions for ¥ and z.

Moment of inertia of a body about a line js Zmr:
where m is the mass of an clement and r is perpendicular
distance of the clement from the line,

We shall use the above formufa in calculating the
volumes of solids  Firstly we shall give somc questions in
which the integration is reduced to Dirichlet’s form to be
followed by questions sn which actual integration has to be
performed.

Exercises
Ex. 1. Find the volumc of ellipsord

(Punjab 52 ; Vikram 63)

Let us first find and the volume in the positive octant
and multiply it by 8 ta get the entire volume.
V([ dx dy dz.

- . . Ay =t
For points within +we octant, a=+i’-r?’ <L car,
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a .
Put = w or v ayu. . :l\'~~m" du cte.

h
v rfff WiV gV gy gy dw

where t4v+w £ 1
ahe T} l'l Iy _ahe (ya)® _wabe
8 'ra. \‘U B3IV 6
(Ex. 5 P. 109)
wabe 4

. tota) volunic- § < 3 wabe
EX. 2. {a) Fund the mass of an octant of ellipsoid
AL
a’ 5"
where the density at any pownt is p -k xyz. (Rajputana 57)

Mass— [ff p dx dy dz —k [{f xp=zdx dy d=.

3 3
Procceding as above by putting ;—:ﬁu etc asin Ex. 1,

2h2et
4\1”6—2—0—.”"‘. du dv dw
—/\a—i’n— jjj 1A =11-1 40= v dn

.k 22_)')1'1 ri_ Aat et r4=31=6
840 Ty @

(b) The space enclosed by the surface

3. /N3 fo\9
=) =1
(@60
is full of matter whose density at any point is ghetl 6{;;
p=(xyz)%.  Fund the whole mass. (Sagar

Proceed as in part (a).
EX. 3. Find the centroid of an octant of &

L2 =t 56,
elllpsonl{;%—%z_{. (Agra 56)

forit
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I x.pdcdy dz (Il x.dx dy 1].
IIf o.dv dy ds I dedydz

. . wabe
The denominator as calculated in Ex. 1 is "—6——
Now proceeding as in Ex. i. the numerator reduces to

a__g_(: ‘“I Wty =W~ Yy dv dw, where ndrdor < 1
athe  T1.0L.TY atbe w  wathe
R v (T TS Y R B o R T
wa*be mabe 3
T N
Similarly, y= 3b, 2~ 3c
Ex.d. Fmnd the volume enclosed by the surface

G v

(Agra 61, 66 ; Rajputana 56)
Let us calculate the volume mn the +ive octant.

V= “’I dy dy dz.

2

X—autim, d\~2~ HMIE gy,

_abe " 2
8:13 [[-( ween1 (st g @i2n-t gy dv dhe

abe (21 ) ( ) (211) abe (rilﬁ)s

g T 1y “dn Ty

1 T8 3
(‘ i +2n+2n) r(”ﬁ)

138 1\3
_abe (rjl.t) _abe (rirz)

abe e . o
83 33 =12 73 ¢
>F3 r(ﬂ)

-

132
2ahc (FT)
Hence the total volume=8V=%

InT 3N
{5

)]
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Exc S Fond the volume bounded by the pasitiie vides of
e co-ordmate plates and the surfiuce

W YR o
(") : (1’) ) (r) ! (Vikram 63 ; Agra 48)
Proceed exactly asin Bx 4 or putting 21§, iec.n--}
m (1), we get
b solumein - ave octant
ahe (T2 dube 1
1241 6 3 0st
dahe 1 abe
3 54321t 9°
Ex. 6. (a) Finl the entire voiume of the solrd houmded

: . . \23 3 Exl s\
by the surface (a) . (b) - (;) U (Agra 53, 59)

Proceed eaactly as m Ex 4 or putting 21--3, ie.n=}
1n (2) of Ex. 4 for catire volume, we got
o ubc (£3)* 6abe.(hy/=) 3-8_5",)[”.

volume 3 Uy rr 1530w

(b) Prove that the centroid of the portion of the abore
. 2la 21h 2c
surface in the first octant 1s [l.’&' 178" l.’S]'

Ex.7. Fund the volume of the tetrahedron bhounded &y

co-ordinate planes and the plane 1:4 ;‘; gwi -1, where a. b, ¢
are +ne. (Gauhati Hons. 65)
Proceed as m Ex. 4 or put 21— 1 or n=} in {1) of EX. 4

for volume in +ive octant.
. _abc_ ([1)*_abe__abe
RS T YR o i N [
Ex. 8. Show that the volume of @ solid the equation of
b
75. v2iri. {Agra 55)

At gt s oa
whose surface is Sitpeta =] is 12

y.
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Procced as m Ex. 4 or put 2u=4 ice. n=2in (2) of
Ex. 4 for total volume which is therefore cqual to
3 abe (IF'H®
(2)1 rﬂ N
1n order to bring the required form of the answer, we
multiply above and below by I'(})

_abe (I‘))‘
Y= Ty
Now [{.[71-FLI( -] - =/2m
sm 7
4
Fn F'(d—m- s {R. 2 P. 83},
ahr ﬂabz‘\/Z
e Gry3 Arhyt= oy Proved.

Ex. 9, Find the volume m the ﬁrst octant determined by
the surface A"+ yn-+zv=a", n > 0.
N AL (A n
v The given surface i1s (‘-1) +(5) +( ) L
Proceed as in Ex. 4 or replace 2n by # iwe. nby nj2in 1
of Ex. 4 for volume in the --ive octant,

SN

A N
be r(— abe r(-)}
It can also be put as -—-av_g__ = "3 .
3 = by 3] -
" .”I"(”) n F(1+n)
Ex. 10.  Fuid the whole wlume af rlle solid bounded by

1h e ult g i a
e surface whose equation is + b“+ {Agra 51)
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V-8 jII dx dy dz.
S TG

V= qu( IJ‘J‘ Wb =lyi=t gy gy g
where u+v4w < 1
nbc ryrirj _.abe w. I} 8mabe
2 rad-¥+34D 2754t TS5
Ex. 11 Find the mass of the tetrahedron bounded by

the coordinate planes and the plane ;+Z+§=1, the rariable
density being p=~hxyz. (Jiwaji 66 ; Agra 58)
Mass in the +1ve octant= J’”‘ p.dx dy dz

or AI=J’J‘J‘ hayz.dx dy dz.

Put *=u etc.
a
S M=katber J"“‘ w02 w2l du dv dw *

M==kaibic? rarar2 _ a*bctk I\n“lﬂv
R [ (E= 2 ) 73 "0~

Ex. 12. (a) Fund the centroid of mass w +ive octant of

the surface —+y + — 1 whose density is given by

5

p==pt.x? yi.zr

m,\ pdx dy dz f ”" ey e dv dyds
III p.dx dy dz J’“’ poxmyeorode dy d2

The denomurnator here stands for the mass

a
Put (3)“::.; oo X=ay/uand d =370
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Pl

=%ay+x.bq+x crHL f”‘,‘ 2

) (45 +()
Bopst gent (i1 A2

:éﬂ LA NS S, W i

I-(Pic 7 f,ts)

Replacing p by {p+1). we get the value of Nr as

p+2\ ~fa+1\ ofrtl
. F(T)f(T)-f(T
Sa"”.bq“ erHl _

r(p+q+ r+ 6)
2
P42 p+q+r+5)
_N,,nf( =)
T L p N (p g H;ﬁ)
AR
Simularly we can find the values of # and =, Otherwise
also 1t 1s clear that i;y:i"
a b ¢
(il) If the density varies as xyz, then putting p=g=r=1

¥

(iii) If the density varies as x*y2s?
2 67 3

then putting p=g=r

=2 we get

(iv) If the density were constant, then p=g=r=0.
(b) Find the moment of incrtia of a homngencous cllip-
soid of unit density about axis of =, (Rajputana 60)

Let the mass of the element be p 8v §y 8 and its
distance from coaxis is ¢/ (v3437).
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LM L=8“‘J‘p (x*+3%) dx dy d, the limits of inte-
gration being extended for +ive octant only
Now putting [:—::u ete.,
M.I.;S“T P (@Pu+ 8 daur\iyYzew-e gy v d
where u+v4w < 1
=abc J’II PR G Rl T It V8 £ W NHRTE NS Nys 'l)
du dv dw

Sy pe ryry.r
—abcp (a4 57) r<1 ’: N !Ll—il) ~abep (u’«rb‘).;-‘
i

4""”' (@3- (a*+ 5

M=$mabep for an cllipsord (Ex. 1).

Ls 13, Fund the volume enclosed by the surfuces
Vbytaen, ¥4y Jax, 0. (Agra 56)

1
X wdependent of =,

Limuts of  arc from 0 to

Limuts of p are from —/{2uv =24 to - /(ar—a?)
independent of y and =2,
Lunits of ¢ are from 0 to 2, independent of i, y, =

’—-—”j da dy dz within the above lLmuts and finst

mtegration to be performed w.r.t. right hand varuble,

. J’”}]:“‘J < ‘]_n]y»‘-l_L' J_. (Vo33 de s

where Ry {2 —e).
Now mlegrating w.rt. 3 treating ¥ 48 constant and
Bty of v are of the form —4& o 4 3y [k - v/ (207~ 89!
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Since x2+)*, when regarded as a function of y alone is
an even function, and we hnow that
% '
[t g0y ay=2 [ sy
when f(y) is an even function of y.
V~w',. j @439 dx dy= 2 f‘"[xzy.ﬁi;]t dx
o 3 4o
=z J' [x2. v/ (Qax—x%)+4 (2ax—x2)¥2) dx
o

9 ¢t X802
=z j 52/ (2a—x)+ T (2a~x)%2 dx.
o

Now put x=2asin*é; . dx=4asinfcosddf and
limits are adjusted as 0 to /2 for 6.

v? J’ [(2ay*2 sin® § (24)V2 cos @
4% (2a)¥2 sin? §.(2a)¥2.cos? 6] 4a sin § cos 6 df
/2
=Z?_’A(2a)3 4aJ (s1n® § cos® 643 sint 9 cos® 6) df
af53.1.1x (3131«
=642 [36422+§( §an 2)]

mn(s I 3) 3nat

=eh s \mh )=
Ex. 14. Find the volume of the wedge intercepted bet-
ween the cylnder x3+y2=2ax and the planes s=x, z=2x,
{Gujrat 59)
Limits of = are from x to 2x whereas those of y and x
are same 1n as in Q. 13, B

oov=f [ [ ds dy de= J’ J' H. dx dy

26
ﬁj J" xdx dy, where k= (2ax—3%)

or V—-ZJ‘ I vdxd)»»"f [ch]L da.
L3 ']
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=2 J.n xy/(2ax—2%) dx
0

2a
=2 J’ Xy (2a—3) dx.

0
Put x=2a sin? ¢ as in Ex. 13
n
=2 I " (ayo= sm3 6 (2a) cos 8 (4 sin 0 cos 7 d9)
12

v/
=2 (2a)* 4aj sin' @ cos* ¢ d@
o
301 =
=328, 2 =
=324 FI22 wad,

Ex. 15. Find the volume of the portion of the cylinder
deternuned by the equations x*+ y*—2ax=0, which is inter-
cepted between the planes =x tan a, z==X 1a1 Be.

Limuts of = are from A tan « to x tan @ and himits for

and z are as in Ex, 13

V:j I I dx dy «l:=j J' “: ::: da dy

=(lan f—tan «) J’za r adx dy, where k=v/(2a¥—2%.
0 -k

Now 1t reduces to exactly the same integration as in
Ex. 14 whose value is ma.
oo V=(1an f—tan 2) =d®.
Show that the volume common to the surfaces

Ex. 16.
YA4-st=dax and N2 pr=2ax is § (In-+8) &
(Agra 58 3 Rajputapa 58)
Limuts of = are from — /(dax—}%) to v/ (Hax—)°)
say —/ to

Limits of ¥ ace from - /(223 —2%) 10 /(208 —+)
say —h to Th.
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Limits of x are from 0 to 2a.
4
zm' dx dy dz= [ ” dx dy={[ 20 dx dy
20 ¢k - 2 £k
=2 j _[ Y dax—y9) dx dp=22 I j V(dax—y%) dx dy.
0 -~k o []

+/(dax—y*) is an even function of y and hmits ate
~k to k.

aly e 4 o
v f) fpvisenn gt e S
where k=+/(2ax--x?)
=4 (=& _24;‘2“-;,_’2_]
_AL [21/(4“ A+ 5 s by} dx.
Now put for &.

V=4 I:’ [1/(3";;?:‘;‘)1/(2,,,\-4‘,‘2)

+2ax. sm“'\/(z—a-:f;f)] dx.

V=4 r: [;‘/(4“'-3\’)+Zax.sin—l'\/(2“‘x)] "

4a

Keeping in view the term sin“J(%}'—‘). we  put
x=:2a cos §, so that

S

qasin? 6/2\ @
L LN

Also dy=—2a sin 8 ¢ and limits are adjusted as w/21t0 0,
0
L V=i j“ 2 105 .22 5in -+ (4% cos ).0/2)

X(~2a sin 9 47)

LfL]
==16a% I (vos 8 sin? 8+ sin 9 cos §) J9
%
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I (9sm?gy=iz | fei2
16a* [3+{ 5 } 2,"0 sin® 9.1 dﬁ]
3 -

_ e 1oy
=l6a [5*4 2(5'5)}
8

:.léa’( 243 ) ga:\ (3n+8).

Ex. 17.  Prove that the volume enclosed by the cylinder
Xi4-yP= 20X, 22=2ax 15 43R0, (Gujrat 52)

Limits of z are from —~+/(2ax) to 4/(2ax), i.e., —itol,
whereas the limits of y and x are as i Ex. 13.

V=J'I dx dy d::j”:z]; dx dy:” 2dvdy

-2 Jn ,[; v Qax) dx dy=2x2 _[:' L" /(2ax) dx dy

=2 -Ln [v'(2ax) y]: dx=4 f:“‘/(zax), V(ax—23) dx

i

=4y/(24) Jja xv/(2a—x) dx. Put x==2a sin® § etc.

=4\/(2a)1r” 2a sin® §y/(2a) cos §.4a sin § cos 6 d9
0

—64gt L'" sin® 0 cost 9 dj—6da Zp:l N2

Ex. 18. Find the volume of the portion cut off from the
eplinder which 15 determined by 2x3+4-y*=2ax and the planes
2=mx and z=nx.

Limits of z are from #mx to nx. "

Limits of y are from —+/(2ax—2x7) to 44/ (20525
ie, —kto 4k,

Limits of x are from 0 to a,

v<[[[ acay =[] H: dx dy.
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e [k a rk
V=I I (n~—m) v dx dy-:ZI I (n—m) x dxay
0k clo
a t3
=2 (n—m)] < [;] dx=2 (n—m) I‘x,.:z,-
o 1] >
=2 (n—m) j. A/ Rax—2x3) dy
o
=24/2 (n—n1) r a¥e\(a—x)dx,
o
Now put x—a sin® 6 ; dx==2asia vz
i
V=22 (n—m) [ a¥2 Sin Bo/z cus e I8 unk Kot 4 iy
']
il
=442 (n—m) a‘j ! [0 1 PN
o

3.1.1
=4y2 (s} a* Tt ;

_mJ2 (n—m)at
g

L=

Ex. 19, Find the soleze zgueis? by astcde
yPR=ax, x=3a.
Limits of z are — #4427 o
It 7 NS o jEy X T
to 1. i
Limits of AL T LT -
(yare —. s, oy o 20) tay ~k 13 =
Limits of xars 51y -
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:4_[

:o[ ‘%‘i{) vV (3ax)+2ax sin-1 ;] dx

2

3 7\ fx3]% 2 9a*
-4 (3/2- a+%:') [%L =3 Gv3+24) a.55-

=32 (3y/3+424).

(‘/3’ ax-+2ax g) dx

=2

2x

02
Ex.20. Figg the volume cus Srom the .\'urface;’—‘f- &

by a plane parallel to thay of y-z ar a distance p Srom it,
Limits of z gre

- A/(lf;)\/(szﬂ'*) to A/ (E)\/(Zb-“"z’
ie —Ilto 41

Limuts of y are =V(2bx) to++/(2bx),  ie. —ktok.
Limits of x are 0 to q.

V=J'H; dx dy de=2 J'”.-]: dx dy

=2 [ [ 5 vess— acay
=2 A/(707) x2 I: f: V(2bx—y?) dx dy
:4«/ (Z) L f : 9 abx—y) dx ay,

v/ (2bx--3?) is an cven function of ¥
a i y @
=1 JG) [, Bves— sz sl

—4 /(g) ro+bx,;' dx=2‘/(lgc)w[%]: dx=ma*/ (bc).
o

: iptic eyl nhose
Ex. 21, Find the volume of the right elliptic o l”}d’e; + hase
axis coincides with X-avis and alttude 2a, equation o
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2
l':=+—-~1 y=0.

being
Limits of = are - \/(bz—v-) to 5 \/(bﬂ—;f),

re - lto +1.
Limits of y are — b to +b
Limits of x are 0 to 2a

T eflf s [ o

=2 IMJ‘ M ~y2) dx dy
——->< I j \/(I;--.;z) dy dy.

4/(b2~)?) is an even function of y,

_ 4 fory 2y.1. L p2gin=r ¥
V= " [y\/([ﬂa)f)—;‘z H* sin™? b] dx
:‘ib” 05 2. dvambe [x]'"zz,,abc,
< o

Ex. 22, Fmd the wvolume cut  from the sphere
\"-+}2+""—*a’ by the cylinder x24-y2=ax. ' !
(Gnuhaﬁ Hgns. 67 ; Rajputana 63, 65 ; Agra 49, 57, 63, 67 ;
Jiwaji 66 ; Punjab 53)
Limns of z are —/[a2—{(a3+)?) to 4/[a?— ('\'21‘*)“)],
i .7 —/tol.
Limits of y are —+/(ax—~x2) to /(@x~x3), i.e. —,—klo k.
Limits of xare 0 to a. *

J V=J.‘“il dx dy d==2 L j‘,k H: dx‘;;ly .
' =2'J':j;\/(a*—Ax'—;ﬂ? dxdy

'a (&
=2x2_[ j @y dxdy. ...(l)
¢ Jo
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It will be very much convenient to

change the integral to polar co-ordinates, >
i.e. the element dx dy becomes r dg dr /‘
and x2-4y?=r2. ok
V=4 II Via*—r¥).rdg dr.
Also x24-y2=ax gives k=a cs1f

r*=a(rcosd) or r=acosd; . r=0toacosd

and limuts of ¢ are from 0 to 12'
¥/2 facosg
S V=4 j j V(@ —r¥) rdedr
o Jo
LT (az_,-z):s/z]a cos @
=4 ) @ db.
N
4 o

V’i " [—a® sim? 9+a’] do
o

4 (7 2\ 2 4
=5 (5-3)=5 (--3)

Another form. The question can also be put as under :

A sphereis cut by a right cylinder, the radius of whose
base is half that of the sphere and one of whose edges passes
through the centre of the sphere. Find the volume common 10
both. (Agra 54, 46, 33)

Let the cquation of the sphere be x24y*-+2*=a*; then
the equation of the cylinder whose onc edge passes through
the centre is x2+y*=ax.

Ex. 23. Find the volume cut from a sphere of radius ;
by a right circular cylinder with b as radius of the base on
whose axis passes through the centre of the sphere.

Let the equation of the sphere be x*+y*
that of cylinder be x2+y2==52

=g and
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Limits of z are —y/(8>—x2—)?) to/(a2—x2—)?),

~ito 41
Limits of y are —+/(82—x?) to /(b*—a%), 1.e. —k to k.
Limits of x ate —b to &

Ve j' I j'_' dx dy d=
-2 ” H: dx dy

ie,

<2 [ [ Ve axay e
~pJ-r
b (V(B—xY)

= .[—a —pay VIEF Y dxdy

=8 J’D J\/(b'—x') V{@?—x2—~y?) dx dy.
6olo

Changing to polars x=r cos 8, y==r s 8, x24 y?=ri=}?
and dx dy=r do dr.

w2 (b
=8 J' I @ —rt) do dr
o 1]

2 P2y
~8 rn [_.l (4“—"2)2]b do
0 2 k3 0
8 2 8
=_§ [((aﬁ_b2)3/2,_a3) g ]o § 2 [ 3_(a2_b2)3/2]
=4_:;r [aﬂ_(az_bﬂlslk’l‘

Ex. 24, The sphere xX+-y*+:2=a® is pierced by the
cylinder (x’+;- 2=a3 (x3~y%). Prove that the volume of
the sphere that lies inside the cylinder is

8 5 /2 «
3[’4'+ i~ 3L] @ | (ol Homs 6)

The limits of z are —¢/(a®—x%~}?) to \/(a3—\
say —Ito I

&
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=2 J: f;ﬂx-w [~(1—x) 437 dy
=2 f; [—(l—xn) y+¥]o\/u_x.) 0

=2 J’x — (1= (1 —;’)” dx
-1

2 1
-2 (_B)J' (1—x2a2 g¢
-1
1
:—;vZJ’ (1—x2)32 ¢
s »/3 °
=—§f €os® 8 cos @ d, where X=sin ¢
0

8 (w2 8 3.1 T 7

=_ ] =z R m
3.’:, CostOdi=—3.53 3= ~5=35-

Ex.27. Find the volume of tne solid cui-off by the sur-
Jace z=(x+3)? from the right prism whose base the plane
=0 Is the triangle bounded by the lines x~0, y=0,x+y=1,

(Agra 61)
V=r Ix-x f(t+)')- dx dy «/:=Jq Il—: (c+3h.de dy
oJo 0 oJo

=J: [(—“_;L)‘]:-’ "'“31 f: (1~ dx

A5 3 (-8

Ex.28. Find the volume of the cyhndrical column
standing on the arca common to the parabolus yroxd, xeoy2
as base and cut-off by the surface s~ 12 y—x3,

Limits of = are 0 to 12-4y—at,

Limits of y are a3 to /.

Limits of xare 0 to I.

The points of intersection of the parabolis yews? and
x-3% in the plane 220 are (0, 0) and (1, 1),
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e . 1
Limits of z are 0 to N €=ty

Limits of y are 0 to 1 —x and Jimits of x are B to 1,
Elementary volume 8x 8y 8z enclosing the point (x, y, 2)

. x\23
and the density 1s (5) .

X 2:3
Mass of the elcmentz()) &x 8y 8z,

1 Pz £y TY x| 208
Total mass:J I EJ( e (:) dx dy dz

LG
LG e

-z
j I ATVAy-23ezty o[y dy
°

°

if

r Jq “ eTH AL dy dp,

0
where 0 < x+y < 1

‘No‘\v we know that ‘”J Fx+y+2) attym-lza-l de gy ds

Vo rlrmrln
1'(!+m+n) Iy
where hy < (x+ry+ < by

_Ihvr@) 24—
Mass= TAFD Jo e it ‘d/:

:E(i_)r’:g‘:_l) [@]

F(h) I g,

[

I @ 0= ).
®  sin

. In 1‘(1——:1)=S";”l - and here n=

w
3
1
3+ (Page 83)
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m-J(ﬁ oo+ e-22).

i.e. —lto +.

Limats of y are — = to +E§

Limits of x are 0 to a.

v=2 I ”'. dx dy dz=-2 ”[ :}: dx dy
=27, e ax ey
o o

For integral w r.t. y, put 9%‘=c sm 4.

gdy=c cos f df

and limits arc adjusted as 0 to 12"

/2 2 /2
i Isj ccos 0.%.c cos 0 do=" I cos? ¢ d8
° a a 0

2 2
:C—xﬁ,g=§g—x Put in (1.
w2 fx}  med a2 mact
R COPE S

Ex. 31. The space enclosed by the planes x=0, y=0
md x-+y=1 and the surface zx=e=+v is filled with matter

: : i by
whose density at any point (x,y, =) is &hen ¥

ﬂ:(‘;)w . Show that the whole mass is :73 (e=1
(Agra 64, 59)
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Limits of z are 0 to i €y,

Limits of y are 0 to 1-—x and Itmuts of x are 0 to 1,
Elementary volume 8x 8y §z enclosing the point (x, y, 2)

X! 2/3
and the density 15 (3) .

2.3
~o Mass of the element= (;) 3x 8y 8z.
1 s (1 T4U f x| 218
Total mass:J j xJ-( e (“\) dx dy dz
oo ° S
14 (1 2.3 i Y
LG e
edo o
SR ST 243
V =I j ==(X) . l,e‘“’ dx dy
sdo  \F, X
]
J,
1 -
= I eI EB=1pl3~1 .
990
where 0 < x4y < I,
Now we hntow that -”I F(\+y+2) arym=zn-i gy gy dz
' _Iirmln boinet
= I F(h) hptora=t dpy,

< (x+y+3) < by
CALA [ o jars—t g

Mass = ~zr—

Ta+3 Jo

-z

MRy iy (fp

It

1
)
1

where

rahyra-i t 2
HAL=b o] =t e-n=21 ey,
sin
3
oo In r(l"");ﬁzﬁ} and here nz:i. (Page 83)
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Ex. 32, Find the volume bounded by cz=xy, =0,
y=b, b ; x=a,, a5

@ (b (xyic a (b, xp
V= Iy dz= =+ dv dy
N TS M
- a,_\: 320 _bxz‘bx’ X270
L- ¢ [2 ]b, =" |r _]17‘

~ g @) (b= b,

Ex. 33, Fuind the volume bounded by
P=x+41, Pro—xt], z=2, z=x+4.
Here let us choose the element as 8y 8v 8z.
Limits of z are —2 to x4-4.
Limits of x are y2—1 to 1—p% or —(1—3%) to (1—3*).
Limits of y are —1 1o +1.
zf:]" U=r = dx dz

~pd ==yt Joa
- r+d
=J'“ gl [:] dy dx
1~ {1-p%) 2
+1 el pt
=J’ ‘:' L, (40 dy dx.
- d (- -
Now x is an odd function of x and the limits are of
the form —a to 4-a and hence its integral vanishes whereas
6 is an even function of x.

- 1=yt
v=2 I‘ L' Y 6 dy de=2 fl [Gx]u 7 dy
o -
=12 r 1—3? d)-=12><2f:(1~ 2 dy
~1
48
=24 [_v~§’:r dy=24[1—§‘]=—3—.
s

Ex, 24. The curve z (@*x3)¥2=g* lying "
plane revolves about the axis of z. Prove that ¥

the 2—X
ke volune
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included in the -+ 1ve octant by the surface and x=0, x=a,
y=0and y=a is na*{6.

Here we are given the equation of the curve m the zx
plane which is revolved about z-axss. Hence replacing x by
v/ (x*+)%) in the given equation, the surface becomes

z(a’+x3+yﬂ)m—a‘ (Note).

.~ Limits of zare 0 to ~———— Ty Of k

{a* +x~+r
and limits of x and y arc 0 to a as given.

¢ fa i e fa 13
V:I I I t/.t(lyll::j J‘ [:] dx dy
o o [
[, ] s
Now we have to integrate wr.t. »p treating x as
constant.
Put y=+/(@@+x2) tan 6. .. dy=+/(a®+x%) sec? 0 d4.
When y=0, §=0 and y—a, then tan f=-——0_
hen y=0, 8=0 and y=a, then tan o @ sothat
V(Zn T L (1)
and hence the limits of ¢ are 0 to 8 when tan 6 or sin 0 is as
written above.

s = J’ J" & v(a*+x?) sec? f dx df
. - @A)V sec +x%)%2 gecT @

=a' J L(Erl—?z—jcos&dvdﬁ

a1 ﬂ
=a' L o [sm 9] dy=aq* I a:q_‘—;—: sin f dx,
0 @32

Now put sin=

sin =

a
T Y O

o ° a )
o V=a .L @ Sy I
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Put x=ay/2tan g, dy=ay/2 sec® $ df.

Also when x=0, $==0; when x=ag, tan 4>_‘/2.
_ 1
sin ¢~73. )
Vet J" ay2sect § dop
oa° (142 tan’ ¢) a/Zsec ¢
- [ Y cosddp
cost $+2 st
é
= lcissi d;: @ [t:m'1 (sin 95)]

—a [tan™ sin ¢]=4° tan= (73) [by @)

=a®. n/6=ma*6

¥x.36. Find the volume cut off from the paraboloid
X2+ yi==4az by the plane x-+y+z=a.

Here z varies from (@—x—p) to 4ia (x2+p%).

Again i order to find the limits of y we eliminatc
between the given equations and we get x2y2=4a (a—x~J)
32+HAay+ (x4 dax—4a2)=0. (D

or
1f the limuts of y be from 3, to 3., then p, and yp 31¢

the roots of above.
Pk yp= —da and prya= X3 4-dax—dat=(x-+2a)' — 8‘;‘
L2

v [ dy o= [[[ = |70 v ay
zjj[%tl‘-—(a-—x—,}')} dx dy
o {7 (e av—swaar ey e ay
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3
=;ﬂ -” [ x%+dax—4a?) 3'+2a}‘:+)—]y' dx

g [ o e dar -ty 20 Gt

+3 Ot dx.
Now yy4y,=—4a and also y,y,=x2+4ax—4a® by (2).

g | Gn o BT s e
=2§;, j r—¥e) (n—32)* dx
=54 j[()x+) )? ~4.u}] dx

51—[ [16a%~4 {(x-+2a)?—8an¥? div
__42‘4/4 I {12a2 — (x4 2a)22 dx
=5 f (A*—12)%2 dx where k*=12a% and 12=(x4-24)?
~k
Put #=f sin g.

2
L[ K cos® 0.k cos & doz:é Kt J‘KIZ cost 8 dg
°

=3-ﬂ-l

Z a2, 3J G 18na,

Ex. 36. Find the volume of the portion of the paraboloid
4 :]
3.,{ =2z cut off by the plane Iv-+my-+nz=p.  (Agra 60)
1t is exactly as Q 35

. p—Ix—my X2
= varies from '»n—l tol (;
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Agamn in order to find the limuts of y we elimmate z and

2 2 — —_—
we get ;: +'Il§.=2 (plt__l_”’y)
or TR (a- n-«")—o.

If the imits of p be from p, to y,, then y, and y, arc the
roots of above.

J;+)'~-»233!7 and.v,)n_b( 21‘ 2") (D)
¢ (X'la+y’/b)
V‘j j j v dy d“sj j [.](P—Ix—my)/'l dx dy
[ G- ) v
x? ZIV 2p 2m y* V1
§f[( o n) yt 2H+3b] dx

3 .
I 0239 [’l} (y=+}'x)+3b ().-“+J’1z+}’x)':)] dx

it

Il

o

[by (1]
=1 I Gh—1) [}‘1}’2_ (_}_zih) +3-lb (}'=2+}'x:+)'!3'1)] dx
fby (1}

=3 [ O 6y,,—3 Gyt 2 Opba) =l &
= lzlb J’ =) [45190— (¥ dx

= l%b _[ 01—y [ Fyi =y dx.
e

LA 2I')
”"_[7 —d4b (d Tu T n

v *mj [y —yaVP* dx.

Now (y;— 330 = (Fya) —dyyy=
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oY 2 )
a
4

n n n*

4( +In) +Ii-+2_pa+m-ba]

n nton n?

B
o R

a o la\?
e {al*+2pn+bm®) (H—n) ]
:_ﬂ_ [kl‘,E]

where l\“——z (al*+2pn+bm?) and 1~~(x+]a) (2

V—ubj [— (k2~12)] dr

=1;b ‘Lb (i’i’).zf (k=2 dr. Put 1=k sin 0
AV 3 '
3474 I “k3 cos® 0.k cos 0 do

L e (11

2
vieby

|

i

: (al*+-2pn-+ bm?)?.
Ex. 37. Prove that the volume cut off from the para-
g XY
aoloid n2+ﬁ~

F: by the plane z=px-tqy+ris
he(27L B0, 2.
4 c ¢t ¢
Proceed exactly as in Q. 35 and 36.
§2. Volume in polar co-ordinates.

We know that in cartesian co-ordinates V=I dx dy d-.

As we shall show in the next chapter by substituting

x==T sin § cos ¢, y=r sin 0 sin ¢,
such that x2-+y?==r2 sin? ¢ and x245* =
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Corresponding formula in polar coordinates becomes

V:“‘Ir? sin 0 d¢ do dr.

Ex. 38, A right cone has its vertex in the surface of the
sphere and 115 axis coincident with the diameter of the sphere
passing through that powt. Find the volume common to the
cone and the sphere. (Agra 55)

Ist method by double integration.

It1s clear from the figure that
the volume common to the cone and
the sphere 15 obtamed by revolution
of the area OAB about the axis 04,
the axis of the cone whose semi-
vertical angle 1s say «.

Now consider an clementary
area r df dr.

If we revolve the area about 04, it will generate a ring
whose radius as shown in the figure is r sin 6 and hence the
volume of this elementary ring wiil be

2 {r sin 6) r d6 dr.
Hence the total volume is ff 2 (rsin §) rdd dr. Ciearly

the equation of the circle on OA as diameter is r=2a cos 8. -
= (22 cose
V:I I 2m sin @.r* dd dr
o Jo

a £37% cos é
27 L A0 [3«]” 40

:—1—%”-15 rcos“ §sin 6 dp
@

_16na® [_co;‘ a]' =113zf {1 —cos* o
o
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2nd method by triple integration.

Let us choose rz-axis along OA and the radius of the
sphere a so that its centre 1s (0, 0, 0) and hence jts cartesian
equation is (x—=0)2+{(y—0)*
or Ny 3

Converting mto polar co-ordinates, we get

r?=2arcosf or r=2qcosé,

o oP= r’ r Iz” 50 2 Gin 0 dg do dr

o Jo Jo

_—lr'r (2a cos §)° sin 0 d$ do ‘
3 o o
N 2
—_.8.“_3‘,' _sest e ng - (1—cos? o) d¢
3 Je 4 o

= 3 (l——cos‘ a) [qs]"—:.‘—t;— {1—cos? x)‘.

Ex. 39, A4 right cone has its vertex at the centre of a
sphere and its axis coincident with the diameter of the sphere
passing through that point.

Find the volume common_to the
cone and sphere.

1st Method. Here the equation of
the circle with centre at O is r=a and

[>)
the semi~vertxcal angle of the cone is u. /)/: .
Arguing as in Q. 37, we get of—-

e ca
V:j j 2x (rsin 8) r do dr
eJo

=2m J.a sin 0.[3 ]ﬂ dﬂ=?3—- [—cos a]‘
o 0

vZﬂ (1—cos ).

20d Method. V7= j' - J’ ; f 1 sin 0 dp df dr
o oJo
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- 2x fu [13 aJ 2x *
or V»J.a L 3 sngdg 110=3—L [—cos 6]0 dé
a" $r 4 3 £ 4
=1 (1—cos ) L dp==$ (1—cos o) [45]0
2na®

=3 {1—cos a).

EX. 40. Fmd the whole volumz of the solid bounded by

the surface (x2+y°+2%)8=27a5xyz (Agra 40)
Putting x=r sin ¢ cos ¢, y=r sin 6 sin ¢, z=r cos §, we¢
get (r*)3=274%. 1% sin% 6 cos 6 sin ¢ cos 4.

r=3a (sin? 4 cos 9 sin ¢ cos ¢)112
V=4 J’leJ"/Z J‘}a (stn? 8 cos O sin ¢ cos @) 12.5in 0 d dodr
o Jo Jo

=4 '["lj'” ['-’] sin 0 db do
o 0 3

s J--/zj—'/zzwz“ sin? 8 cos}]@giné_cgsj sin 0 dp do
0 o

— 3640 J-rle

°

Ll 12
[%0]' sin ¢ cos ¢ dd
0

'w sin? ¢1%/2 9 s
=94 [——-2 ]n =3a"

§ 3. Area of surface,
Let the cquation of the surface be z=f(x, ) and
(x, 5, 2) be the coordinates of any point onit, Letth¢
I ry surface {osing the point (x, ¥, 5) be denoted
by. 8s. Now the projection of &5 on the planc z=0 js 8.8
Also from co-ordinate geometry, we know that

A,=Acos b,

where A4 is the arca and A, the projection of ar
planc ==0 and 0 js the angle between the piane of the ared

and plane of projection.
Hencz 8 v 5y — projection of 8S on z=0~85 €05 ¥+

ca on the
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or 88S=68x 8y sec y, (1)
where y 15 the angle between the plane z-=0 and the tangent
plane to the gwven surface at (x, », z). Also we know from
Co-ordmate Gzometry that

B} o

Hence from (1) by the help of (2),

85=57 8y A/{’ +(§;)z+(2_;)2} )

If § be the total arsa of the surface, then

s=[[ P + B o o

The Iimits of integration for x and y are taken so as to
cover the whole region of projection of S on z=0.

Polar co-ordinates.

Changing to polar co-ordinates the abov: formula for
surface takes the form

S—:IH ( ¢) —+r*sin® 9 ( ) --rt sin® 0} do dj.
Note. We shall be taking
S'=“. sec y dx dy,

o (5}

Ex. 4L, Show that the area of the surface 2= 2xy inclu-
ded betneen the plane x=0, x==a, y=0, y=b is

(a+-b)
Wi 375 (Agra 63)

From the relation =3 =2yy, we got 2:,(;§r.'{:'.
F:

¥

i s
and simitarly 3
@

. @
2.

B
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2pyptyzieat included within the cylinder x2+4-3%=ax,
at

Integral Calculus

e oG ) o

VGt

\/(\"+J"+2\’l' Xty
CvaEm \’2 ve)

26 /8]
S:fo fn sec y dx dy
L[ LG /)]«
Sl e foon]
g‘/lz fn {2‘/b\/.x+§h\/h \%} dr
:\7'2 [wb. §x"=+§b‘/b.2\/x]:
:%5 [vb.ava+byb a]
_% V{ab) (a +b).
Lx.42. Find the area of the surface of the sphere

{Agra 49)
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A % rlm :
Again changing to polars®by Bui‘ting»ﬂ\'
x=rcos V;f;)'*ar sing, " *
\

sec y=
Ty -
Also  x24)%=gav changes Yo rrax;
or r==qcos § and dvdy=rdid.dg..
. */2 facos 0 a
o Sa'U secy dx dy=4 I J' e 1 df dr
§ o b VETH

rie @ cos ¢
—da j [—1/(a3~’r3)] o
o, ]
wi2
=da ! (a—asin §) db
o

w2 =
=4q% [0+cos 0] =4a® [5—1]¢2a‘= (7—2).
0

Ex.43. Find the area of the surface of the sphere
a2, which lies inside the cylinder X*+y*=aj.
Proceeding exactly as above, x*+)*=ay transform to
r=asnf.
soS=4 '[:” J’: s ® 7(?“’—7“) r d8 dr=etc.=20% (—2).
Ex. 44, Show that the area of the surface of the sphere
X422 g? ywhich lies inside the cylinder x*+4-)t-4-ct=ay
is 20 (m—2).
Proceeding as in Q. 42 and 43,

a
T @Y
Also projection of x2-+)2+z%=ay on the plane z=0is
X2yt qy which is same cylinder as in Q. 43.
Ex.43. Find the surface of X*+z2=a* that les inside
the cylinder x2+3%==a®. (Vikram 65)

sec y=
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s (v(a®—x?) a
s 8= _.a ;
BJ I V=

J’ [‘/(&foy) ]\/("‘—x’) e

=8 I a dx=8a*
]

Ex. 46. Fmd the area of the surfuce x*-y*4z®

inside the surface (x*+y?)?=a® (x2—a?%
. a

As in Q. 42, sec Y= @ where  x=r cos 6,
y=rsinb, dxdy==rdddr. Also  (x*+y%)=a® (x*—)?)
transforms to (r?)*==a®"® (cos®* §—-sin?d) or r2=a?cos 26,
which 1s the equation of the well-known curve Lemniscate of
Barnoulli (fig. P. 138) It consists of two loops and one
Joop is formed between 6= —n/4 to 6=m/4

14 ray/(cos 26) a
s 85=8 I J‘ Tt 2)r(19 dr

=8a J: [ Vi@—r ]“\/(Coszu) &

=82 j'“—(n\/(l—cos 26)—a} d¢
[

~8a J"" (1—y/2 sin 6) d8
’ § 21 .
~8a? [o+\/2 cos a]ﬂ T

=8a® [§+l—v’2]. .
Ex.47. Find the area of
inside the cylinds»  *+ 33)t=2a%

~d - .-
Here
H
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‘/(,,z ) . where x=r cos ¢, y=r sin §.

Also the cylmder (¥?+y%)2=2a%xy changes to
(r")2==24%,r sin 6 cos 8 or r2=a® sm 20.
1t also consists of two loops and one loop is formed

between =0 and #=m/2.
S'—,U sec y dv dy=2 Im Iav(sm ) ‘/(T'HJ) rdedr

:é x/2 %g[( e )a/z]“(sm 26} do
2 (w2
T . a® {(1+5in 26)32—1} 6.
Now | 4smn 26=cos® ¢+sin? §-+2 sin 6 cos §
=(cos f+sin 8)2.
‘. (1-+sin 26)¥2=(cos ¢ {-sin §)*
=cos? §+sin® 8+3 cos? 4 sin 843 cos @ sin? 6.

iz
S S=ja J.. {cos® g-+sin® §+3 cos? 9 sin 8
+3 s 9 cos 6—1} do

2.02,2 .4, .1 =
=3 [ +5+3.3+3.5—§]
] 2=[2°_3”]=‘95 (20—-3=).

=2, [10_r1. 2,
3737373 6
Ex. 48. Show that the area of the surface of the parabo-
loid az=x*--32 which lies between the planes z==0 and z=a is
;i SyS—1) a
oz _2x o2
d E=2F
w a2 "y

A1 yzA/[l +(% (xz_"L_J.g)]

YA Can i)
a.
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Projection of the surface on the plane z=0 is x24-»*=a°
or r=a which is a ctrcle between #=0 and §=2m.

S:,” sec y.dx dyzr' r ﬂ(%‘t_r_; rdg dr
0 [
1 o qe
=L e 7
80‘[0 jo /(@%-+4r%) 8r do dr

i r' F (aa+4,:)m]u do
0 3 b

“%a

1 J-.-.t
= [T sys-n @ e

), (v )

P A _ :
_-_ﬁ(s\/s.n[a]n =T (ys-Da

P



CHAPTER V-
MULTIPLE INTEGRALS

§ 1. Double integration {Cartesian). Students  are

Ctn\crsant with the formuia Y B
.(' ¥ dx which stands for area o EEs
between any  curve y-Siah

xaxis and ordinates at x- 4 s 8Y_Is.
and y=b. 1t will be very R o o o
much convenient (o use double

integration in caleulaton of T3 A M B

area zs cxplained below .~

Let A, 8 be any two pomnts on the curve p=/(x)
12, fla)] and {6, f(b))] respectively, and we are required to find
the area A'B'HA. Again choose two neighbouring points
P and Q respectively (x, ) and (x+8x, y+38). From these
Poiqts draw PL and QA parallel to y-axis, so that LAf==8x.
Again draw RR' and SS° paraliel 1o axis of x at distances
¥ and y48y from the origin. so that RS=8p. From the
f{g\uc 4t is clear that thearea enclosed between these four
lines PL, QAf, RR’ and S5 is clearly 5x 3y. Hence the area

Lt ‘
- T
PP LMy " T X8

or the area of the clementary $trip is [! rIy] §x where the

hmits of integration for » are y==0 are y=f(x).
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()
Hence clementary strip s “ 1/}'] 8x.
°

It may however bz noted that in performing this integra-
tion x is to be regarded as constant.

Again the total arca A’B’BA 1s the sum of all the areas
of these types of clementary parallel strips and hence it is

Lt 1(x) 1(%}
equal to 500 ZU” d)] 8x=I[fo dy] dx.

The limits of integration for x are from x=a to x=4.
b F 702
Area A'B'BA= [J (Iy] dx
a 0

b [f
The above formula is generally written as I f = dx dy.
aJo

The first mtegration 1s to be performed with respect fo
right hand variable 1.e. y whose lmuts of integration are
Sfunctions of x and then the integration w.r.t. x is performed

whose limsts are constant.
Note :—1In case the area be enclosed between the curves
y=f(¥) and y=¢(x), then the corresponding formula will be
r J“”(" dx dy.
a Jf(x)
Here firstly we added all the elements in a strip paralfel
i tant and then
axis and then found in which x was cons

- }f:::::nthe total area as summation of all such types of

we
strips which are pard

If, however, we ch

II dy dx mstead of JI dx dy, then!
x treating ) aS

el to y-axis.
ange the order «o ‘ntegratic <

be done w.r.t.



Multiple Integrals 16t

add all the elements i a strip paralle} to x-axis (y constant)
and then sum of all such strips parallel to x-axis will give
the total area  This 15 known as change of order of inte-
gration. In this case we will have to find the limits of x 25
function of y {as the integration s firstly dore w.r.t. x} znd
then the limits of y as constants.  In order to find the rew
set of limits we should draw a clean figure and thea divide
the total area into different parts by drawing lines rerzlfz] to
x-axis at the pomnts where the elementary steim drxwn
parallel to x-rus change their charicter, ie whes the
extremites of each strip lie on the same tao euries, i will
form one region and the point from where ¢*. o Feos 2nother
set of two curves, it will form another rezin, g,,,{,,d the
area of each such part and then add, 7=

will be clear from the following example:,

§2, Double integration : Polar Cors’y 383,

seking rule

Let the equation of the cupy>
be r=/(8) and the véctorial 2nziy
of pomnts A and B bed=z ¢
6=g respectively. Let the ear
dinates of two neighbouris, 5 pof
Pand Q be(r, ) and (r;z, Fois,
With centre O deaw fugp cmr,,
arcs TU and RS of raZs y 37
r-8r respectively g5 ¢z4- “y
clementary arex 7RSI 3 i
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Lt fre k
359_’0),““ r{l'rl 8¢

P i

Above 1s written as F r(r) r dg dr.
«Ja

The first integration is to be performed w.r.i. the right
hand variable r and while performing this integration, 8 is to
be regarded as constant.

Note. In double integration if the limits of both varia-
bles are constant, then you can always change the order of
infegration, But in case the limits of y are finctions of X, then
while changing the order of integration (ie. performing first
mtegration w.rt. X) you will have to find the new limils
of x as functions of y by cansideration of geometrical condi-
tions as will be clear from the following examples.

The general form of double integral is

J‘ Vdxdy,
where Vis a fuoction of x, y.
Exercise
EX. 1. Change the order of integration in
s rle-z
F(x, y) dx dy.
j’o !X’Ma (o ) de dy
(Rajasthan 48, ; Agra 48, 54)
The limits of integration give the region of integration
1o be bounded by
Xt
pmte y=3a—x and x=0, x=24,
y=gp ¥ 3a~xa

i.e. parabola x*=4ay and line y=3a~x and erdinates =0

and v—2a.
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First of all, we v
draw the figure. 0,300 KB X~ 2a
The line p=3a—»
meets the parabola
Xx*=4ay, where

x2=4a (3a—21) C 4 t20,0)
ot xX*+4ax—12a°=0 M
or (x+6a) (x—2a)=0 (0] A
i.e. x=—6aand 2a. Y=da-x

When x=2a, y=a Thus the point of intersection is (2a, a}
We do not consider the other value of x, whichis —ive
as,the limits of x are from 0 to 2a. Also putting x=0 in the
equation of line, the pomt Bis (0, 3a).

Thus from the figure the region of ntegration is OAB.
The given integral 1s when we have considercd strips parallel
to y-axis and we have to change its order so that we hare now
1o constder the strips parallel to x-axis.  Through A drav a
line AC parallel to x-axis, thus dividing the region into tyo
Separate parts OAC and ACB. In each part take elementary
strip parallel 1o x-axis. In the given integration we were
fo integrate with respect to y first whose limits were ghen as +
Sfunctions of x. Now dfter change of order we have o
integrate w.r.t. ¥ first whose limits as functions of y have to
be deternuned.

Region OAC. 1In this region the elementary strip
parallel to x-axis has its cxtremities on x=0 and xt==dgy
and hence the limits of integration for xare0to 2+/(ay).
Again the constant lengths of y are cleatly y=0for O and
y=a for A.

;. After change of order the integration for the
o r24(ay)
region 0AC=_{ I F(x, y)dydx.
a

3
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Region CAB. In this region the clementary strip
parallel to v-axis has its extremitics on x=0 and ye=3a—-X
and hence the Iimits of integration for x are 0 to 3a—)-
Again the constant limits of » are clearly y=a for A and
» 3afors

after change of order, the integration for the
'3a (3~
region CAB- j f : F () dyde )
20 Mo—)o 1 . '
S L fx'/m I {x, y) dx dy i e. given integra
2. % 3a o
‘—Jnj Vi) F(x, 3} dy dx+] uj vF(x, ») dy dx.
ocJo oJo -
Ex, 2. Change the order of integration in the double
integral j -af Vizax) Vdv dy,
0

Y(2ax—-x7)

(Sagar 63 ; Vikeam 64 ; Rajputana 49, 58 ; Agra 50, 57, 60, 62)

The limits of integration give the region of integration
1o be bounded by

Y=/ (20X —X%) Le. X2+ 37=2ax, ie. (x—a)t3i=at
Le.a circle whose centre is (g, 0) and radius @ and
y=+/(2ax), ie. parabols )?==2ax and x=0 and x=2az.
The parabols and ciscle touch each other at (0, 0), the
common tangent thereat Be2ur2d)
being x==0. The line
x=2a meets the parabola
y:=2ax at y=2a ie.
point B it (24, 2a):
Thus the region of inte-
gration js given by
OBACO. Through C
draw a line parallel to
x-axis. Now we shall
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divide the region into three parts in each of which the extre-
mities of strips drawn parallel to axis of x le on different
ssts of curves namely region OLC, AMC and LAB.
‘ 'keginn OLC. The extremities of the strip parallel to
axis of x lie on y*=2ax and 24 y?=2ax, so that the limits
of integration of x arz y%/2a to a—+/{a*—»*) because from
X2_2ax+y=0, we have x=a4:4/(a*—»% and we have
chosen — sign from & because x is less than or equal to a
for (he region. Also the constant limits of y are y=0 for O
and y=aq for C.

Hence after change of order the integration for this

: s fa—+/ (%37
region OLC1s J' I V dy dx. N ¢3]
o Jyti2a

Region AMC. The extremitics of strips parallel to
axis of x lie on circle and hne x=2a and also x 1s greater
than a and hence the hmuts of x are a+-+/(a*~p*) to 2a
and the limits of y are y=0 for 4 and y=afor C.

Hence after change of order the integration for the
region AAMC is

e (2a bl 74 y
J‘" Lw(a'—m v dy dx. )

Region LMB. The extremities of strips parallel to axis

of x lic on the parabola y*=2ax and the hne x=2a and

W2
hence the limits of x are 22—-0 to 2a and the limits of y are y—a
for L and y=2a for B.
Hence after change of order the integration for the

2 (2a
i is o *dy dx. e
Tcgmn LAfBis In I)"!Iﬂ ¥ dy dx 3)

' Hence the given double integral .
+.sum of the integrals no. (1), (2) and (3).
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Ex. 3. Change the order of integration in the double

@ (/{ax)
mregral I 5 .
Viex-z Sx, 3) dx dy. (Agra 60)
It is exactly same
Question as Ex 2 1 e
Circle 1s
ATyt —ax=0
or (r~aj)=+ = (2’ f
=5y +e=()"
Also o N [ 4
pea BBV (a i) s =%
Also parnbala mects
*=ant (g q) [CE % AX

Hence arguing as above in Ex. 2 the given integral

/2 ) [a—/ (a'—4y1)]
»I I./n J(x, y) dy dx
for 0LC

6f2 f )(] {]\f
X, ), G
+.L fa [a+/(a*~4p%) (S
for AMC

'a a
x, ¥) dy dx.
+L/g J'y’/ﬂf(" ”
for LMB

Ex. 4. Change the order of integiation m

"X--2a
j ar—iny T ) A dy- (Agra 53, 58)

The himits of integration give the region of mr:grano]n

to be bounded by y=+/(a®*—x?), ie. x*4y*=a, acxrcde
with centre (0, 0) and radius 2and the line y=x-+24 an
x=0, x==q, Also x=0 meets the line in (0, 24) and x—=a mecls
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it at (2, 30). Now let us

draw the figure and it 1s é&,-ﬂ)
clear that the region of 14
integration is  ABCLA. .2 N
Through L and C draw limes o C

parallel to axis of ¥ Now ,*" L "
we shall divide the region LY

into three parts ;n each of /

which the extremities of e
strips  drawn  parallel to O A
axis of x he on different

sets of curves, namely region

ALM, LMNC and CNB.

_Region, LAM. The extremities of strips parallel to axis
of x lie on circle x2+3*=a* and the hne x=aq, so that the
Imits of x are 4/(a®—»*) toaand the limits of yare y=0
for 4 and y=a for L.

Hence after change of order the integration for the
a fa
region LAM is L J",(a,_y,)f(\’ ) dy dx m

Region LMNC. The extremities of strips paralle] to
axis of A lie on x=0 and x=a and hence the limits of x
are 0 to aand the hmts of y are clearly y=a for L and
y=2a for C.

Hence after change of order the integration for the
24
region LAMNC is j J' f(x,3) dy dx. .2
oJn

Region CNB. The extremitics of strips parallel to axis
of x lic on the hne y=—x-+2a and x=a, so that the hmits of
xare y~—2a toa.  Also the limits of y arc y=2a for Cand
¥=3a for B.
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Hence after change of order  the integration for the

raglon CVB is r. r f(x, y) dy dx. )]
s dyoim

Heace the given double integral- sum of integrals (1),
(2) and (3)

Ex. 5. Change the order of integration in

e (viat—at | 51
L J’hl(n’—r‘) Vdx dy. (Agra 51)

The limats of integration
gve the region of ingegration to
be bounded by

y=1y/(@—x%) or x*+4y*=a*
<IN

or n=+m=1'

which 1s an ellipse of semi-axis
aand a2 and y=+4/{a*—x%), i.e.
x2-Lyt=a® and x=0, x=a.
Now let us draw the figure and
itis clear that the region of
integration is ACBA.

Through B draw a line paraliel to axis of x
pasts cach

Now we shall dwvide the region into 1wo
f x he on

of which the extremities of strips parallel to axis ©
different sets of curves—namely regions ABM and BMC.

Region ABM. The extremities of strips paratiel to ﬂ“;
of x lie on ellipse x2-4)*=a* and the circle x"+_¥’=‘:‘ “:d
hence the limits of x are /(@—4)% to J@—y) 8
the hmits of y are y=0 for y=a/2 for B.

. . ion
Hence after change of order the integration for reg!

K 2tz pof(at—y") s L)
ABM is [ oy V=
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Hence after change of order, the integration for the
region OAM is r e I'v oot * fix, y) dy dx. )]
o

Region AMB. The extremities of strips parallel to axis
of x 1n the region he on x=0 and x?+p*=n? so that limits
of x ar¢ 0 to 4/(a®—y%). Also the limits of y are given by
y=a sin a for A and y=a for B.

Hence after change of order the integration for the

region AMB 1s J. J-‘/(a i )f(x. ¥} dy dx. (2
asine
Hence the given double integral-=sum of integrals (1)
and (2).

Verification. Let us choose f(x, y)=1: then the given
double integral represents the area of a sector of circle in

which angle BOA= i—z and hence its area is 3a* (—wu)
Now we shall prove that sum of the mtegrals (1) and (2) is
also 1a* (g—u). Now putting f(x, y)=1 in (I) and (2),
we get

J’a sna Iy cota dy dx

o o
=Ia s e [x]y cot & {l)'=-[n sma Yot w dy
J

0 o

=cot u.‘iﬂ:—“=%ﬂ= sin «xcos z .3
and I J“,("'—’ Y dy dx
asmne
oy [ ]‘/“'"’ ) dy= V@)
asinal Jo asioa

‘\/(ﬂ’—)")+ - sm"l ’]a dina
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«=[0—4a sin « a cos xl»v% [;~z]. 4

Adding (3) and (4), we get a* (’27 'x)‘ which 1s same as

before. Hence proved.
Ex. 7. Change the order of micgration in

ﬂ La'/x St ) dx dy

The limits of integration give the region of integration

to be bounded by y=v and ngi rp\8 xea

ie. xy=a® [ie. a hyperbola Y
whose vertex is (0, 0) and rsymp-

totes the coordinate axes] and the L Lt

lines x=0and x=a. Herce the

region of integration 1s YOAB .., O] X

where A is (a, a). Through A draw
a line paraflel to axis of x dividing the region into two parts
AOL and YLAB.... In each of these extremities of strips
parallel to axis of x Iie on different sets of curves

Region OAL. Extremutees of strips lie on x=0and y=x
50 that the limits of x arc 0 to y and tnose of p are clearly
y==0 for O and y=a for A. Hence after change of order,

the integral for this rcgianv:Jn rf(x, y) dy dx, (D
oJo
Region YALB... Extremities of strips lic on x=0
2
and xy=a? so that the limits of x are 0 to gﬂ and those of

¥ are clearly p=a for A and y=oco. Hence after change of
order the integral for this region

:I: J.:'[y Slx, y) dy dx. A2
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Hence the given integral=sum of integrals (1) and (2).
Ex. 8. Change the order of integration in

o b
L J’(b/a}q(a’—xl) V dx dy where c is less than a.

The limits of integration give the region of integration

1, y=b

to be bounded by y:([—:\/(ﬁ—xz), re. ellipseg:f

and the lines x=c and x=a where c is less than a.
y=b is a tangent to
cllipse at B and x=ais
a tangent to ellipse at 4.
Drasw the figure and we
find that region of inte-
gration is given by
ANLMA. Through N Of I A
’ draw a line parallel to axis of x thus dividing the region
into two parts ANP and NPML in each of which the extre-
mities of strips drawn parallel to axis of x lic on different
Putting x=c in the ellipse, the point N is

sets of curves,
e, -ﬂ/(a‘-‘—-ﬁ)}. Also from the equation of clipse,
‘a

x= gV ().
Region ANP. In this region extremities of strips drawn
parallel to axis of x lic on clly. ., " ¥=a so thes limits

i . R C oy
of x are from g\/(b——-y-) L4 . of . v
b s
y—=0for A and yr‘—'\/(a--(‘ »
Henee nfs  ~hangeof s .ﬂl

e
ANP s ( r v,
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Region NPML. In this region the extremities lie on
x=¢ and x=a so that the hmits of x are from ctoaand

those of y are clearly g\/(aﬁfﬁ) for N and y=b for M.

Hence after change of order the integration for the
region NPML
> o
= Vdy dx. (2
f (Bla) /(e I Y @
Hence the given intégral=sum of integrals (1) and (2)
Ex. 9. Change the order of mtegration
abfv/ (at+ b2, afb)y/ (b1 —y?)
J‘/( )J‘(/)( £ (5. 3) dy dx.
[ 0
It should be clearly noted that given double mtegral
is obtained by considering strips parallel to axis of x as
indicated by dy dx and n order to change the order, we will
have to consider strips parallel to axis of y.

The region of integration 1s bounded by x=0 and

a . . xt ¥ .
Y=gV (=) ie. ellipse - 17=] and the lines y=0

anci —_ab__ . t d it 1
¥y V@R Draw the figure and it 1s clear that
the region of integra- 8
i i } 2
ton is given by . [d ¥ d,p,l;?,

OAPLO. Through P
draw a line parallel to
axis of y, thus dividing -

the region into two VR 7
parts in each of which xe0

the extremities of strips drawn parallel to axis of »
lie on different sets of curves namely OLPA and PAfA.

Region OLPM. Here the extremities of strips parallel
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toaxts of y hic on y=0 and )'=‘/(;Z_b:) which give the

fmts of y and those of xare given by x=0 for O and
ab

b N ab

x J@EEE for P [on solving the cllipse with y:‘/———)(aJ 7

we get X=W£-br5’)]'
Hence after change of order, the integration for this

. "ably/(a'+ b*, b, 14 bY,
region 1s j (@ +b) fablviat+ )f(x, Wdxdy, ...
] o

Region MPA. In this region the extremities of strips
parallel to axis of y Ite on y=0 and ellipse )‘=§\/(a”—x’)
which gwve the hmits of 3 and those of x are given by

ab
X—m for A and x=a for A.

Hence after change of order the integration for this
a (bla)v/(a*—x") 2
jab/\/(a’-f-b’) fu S dsdy @
Hence the given integral=sum of integrals (1) and (2).

Ex. 10. Change the order of integration in

a (b/(b+x)
J . L ¥ $(x, 7) dx dy.
(Sagar 62 ; Agra 52)

region 15

Proceeding as usual,
the region of integra-
tron s bounded by y=0
. . b
fe. x-axis and y=m

or xy+bhy—b=0
{which is a rectangular
h)’m(bola whose asymp-
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totes are y=0 and x=—>» and vertex at (—b, 0) and the
lines x=0 and x=a.

Hence the region of ntegration 1s ABMOA. Through
B draw a line parallel to x-axs, thus dividing the
region into two parts OMBL and LBA  Putting x=0
and x==g in the rectangular hyperbola, the points

b

A4 and B are given to be (0, 1) and (a, m) respec~
tively,

1-9

Also from y= —b—, we get xzé—b:b (

: b4-x y ¥

.. Considering strips parallel to axis of x in each part,
2/ tatd)

Region OMBL=J “ 'J" $(x, ) dy d. (D
0 ]
1 b (1~v)/¥

Region LBA=f I ! s, Mdyde. .2
braid) Jo

Hence the given integral after change of order=sum of
integrals (1) and (2).

Ex. 11. Change the order of integration in
1.
J’a J’ “ dx dy.
0 Jms

Arguing as in various
questions the whole region
is bounded by y=umx,
y=Ix, and the lines x=0
and x=a. Through A
draw a line parallel to
axis of x dividing the
region into two parts QAC
and ACB. Considering
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strips drawn parallel to axis of x in each region, we have

Region 0AC~ f f "y dy die e
o ¥
la G

Region CAB= j j v dy dx. o
ma Jy/i

Thus the given integral =sum of integrals (1) and (2).

Ex. 12, Change thz arder of mntegration in
a2 -1
f roxie Vdx dy.
° xYa
(Indore 66 ; Jiwaji 66 ; Vikram 62)
Proceeding as i various exam-
ples, the limits of integration are
2
gven by y:%. i.e parabola x*=ay,

x—x2

y= or X*—ax=—aqgy

or  (wg)=ma(o-5)

which represents a parabola whose

a S -
vertex is (;, 3} and concavity downwards and it passes

through origin. The two parabolas intersect at (0, 0)
a g)
(T 4/

a

Also the limits of x arc given by x=0 and x=3
There are no separate parts as in other question.

2 - - 7
Also y= - gives x~-/(ay) and x#—av+ay=0 g1ves

__at+/(a*—4ay)
X PN
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Also from the equation of
parabola, 4 Al
2 44 4

VA1 .

y=x meets the parabola at (1, I). 5
Hence from figure, after change
of order the integral is

1y
L ) dy dx.
L.[x—vu—y)f(x ) dy dx

Ex. 15, Change the order of g
integration in

s e

j J.‘/(a = fx, 5) dx dy.
Ans. J’I‘/(n ”f(x, »dydx. T°
Ex. 16. Change the order of

integration in
J' J' _SfG)ydxdy
o VI@—3) G—7)

and hence find its value.

The region of integration 1s
bounded by y=0, y=x and x=0,
x==a, i.e.region OAB, Considering
strips parallel to axis of x after
changing order, the given integral is
_ J’a I' L dydx (y) dy dx (I)

Vi(a—x) (x—})] o

Value. Put x=asin®*#+ycos? 0.

While integrating w.r.t. x, y is to be treated as

constant.
dx=2 (a—y) sin 8 cos 0 d9.

Also a—x=a (1-—sin® 6)—-y cos* §=(a—y) cos® 0
and x—j==asin® f—y (1—cos? §)-=(a—}) sin® 0.
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Also when x=a, then
(a—y) cos® =0 or cos §=0; .. O=mn2;
and when x==y, then (@—») sin? §=0 or sin §=0; .. =0,
oa—y x's const:ml 1t cannot be z¢ro.
s */2 2 (a—y) sin § cos § df
L \/{(“-X) (V~J)} (a—y)smfcosd

=2 I " dy2 [0]"23".
. N

Hence from (1), we have

af o dx 0 e )
=[i{ro [ sa=Sem o=lrom o
= [0 | == Lr@—ron,
Ex. 17. Change the order of mtegration in
v/ (20x—x%) qS () .(x*4 y?) x dx dy
J I VHEE=(
(Rajputana 62 ; Agra 67)
The region of integration is bounded by y=0 and
y=4/(2ax—x%) Jie. circle
x2432—2ax=0
or (x—a)*+y*=a®
whose centre is (4, 0) and
radius a and the lines x=0
and x=2a le. the region
OAB.

From the equation of circle, xs%w

=aky/(@~p3).
Considering the strips parallel to x-axis whose extremitics lie
on the circle the limits of .x are given to be from a— /(@2 —»2)
to a++/(a*~y*%) and those of y are clearly y=0 for O and
y=a for B. Hencc after change of order the given integral
transforms to
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r J’a+ Viat =y} d'(3) (3432 x dy dx o
a-yia—y) VI[dai—(x24 %
Value. In cvaluating integral (1), we have to first

integrate
atvia'—yt) (¥t
j a—v/(a- vty 3/ [4a*
Put a2, 2x dy-=dt, and let the hmits of 1 be
denoted by 1, and ¢, for convenience sake,
1 *I (+3% dt
Ve —(e 4y

or

Now da*t— (143 = —[(12-+-3'+ 21y~ da’1 + da'— 4a%)®)
—4qt-+4a%y)
=4a (@*—y) — (15— 2a")%
Also l+y=«‘(l—Ly-m2n3)+_a.

1= [ e

+} 2a* f N S
T ) VS @)=y -20Y)
Remember that y 1s to be regarded as constant in the

above integral and we know that

2 d:
s Hve
e at—z2%).

dz s
Also J.‘/(ﬂ» =) =St 2,
=3 [vi @y —try—2py]!

N 14y =22 ]'u
o fsns el
Now put +=x*and limuts of x are as given
ie. E
or 4at—y2—2av/(a*~3)

N0 20t — 20y (P —37)

or

)
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When  x=ag++/(a*—y?), then
X2 a2 f-at— P 2ay/ (GF—37)
or X243 —2a%=2a,/ (a°— 7). .. (2
For either limit (32432 —20%)2=4a* (a*—3%) . (3

I A kR R | A

v/ (ar—y1)
+)2-20 Ja+v/ (@ —pY)
i [sm 2”\/(‘"‘—,)‘:)]0—\/(11’—)*)

=

2a+/(a®—
PVt by (1), (2) and (3).

J=a* {sin‘f 1—sin~t (—1)}=a® [;4.7—2‘]:7:02.

—sin—t—

[rashnd]

Hence the given lntcgr;\l:r $'()) mat.dy
o
a
= e [40)] = 01~ 400).
o
Ex. 18, Prove that
wiz w2 . . Py
J‘ I sin x sin=? (sin x sin 3) dx dy== {5 —~1).
o Je 2\2
(Agra 51)
Here we have to integrate w.r.t.) first treating x as
constant.
¥/2 .
s Let I,=j sin~! (sin x sin y) dy.
o

Put sin x sin y==sinz, .. sin xcos ¥y dy=cos zd:
(x constant).
dyes cos o dz coszds
sin V\/(l-—sm~ P Y/t x—sint 5)
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=m/2, then sin x
0, then sinc

*_ scoszdz
\/(cos2 z—cos® x)

- e J‘"' * 2 cos z Sin x dx ds,

\/(cos’ z—cos? x)

o =

The region of ntegra-
tion is bounded by =0
(i.e. y=0), ==x and x=0,
x=nf2. Inorder to change
the order, we will have to
consider strips parallel to
axis of x, i.e. parallel to
y=0, je. z==0. The extre- .
mities lie on s=x and x==m/2 and hence the limits of x ar¢
z to =/2 and those of z are z=0 for O and z==n/2 for A.

Hence after changing of order, the integral takes the form

wiz ez g -
J’ cos z sin x _ dzdx
' V(cos' z—cos? x)

x/2 cos X' /2
= z cos = | —sin—! —— d=
I 0% [ I Gos 7,

° I

=J’m 2 cos z (—sin1 0-4sin! 1) dz
L]

/e
=3 [: (sin 5)—(1) (—cos z)]o :

=32 [5" 1] Proved-
Ex. 19. When the region of integration is the triangle
y=0, y=x and x=1, show that

fJveorrecsns(5:5)
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Here we need not change
the order. Since we are to
integrate  w.rt. ¥ treating
X constant, we consider strips
parallel to y-axis whose extre-
mities lic on y=0 and y—x,
so that the limits of » are
givento be 0to ¥ and those of x are clearly x=0 for O
and x==1 for 4.

l=r j’ V@i —yY) dx dy

=I [ \/(dvl-—y’)+‘%—2 sin'lz—%‘_'—]:d.\'

=f. [frvarand) o v st 2T
=f,(53) w a-(F3) [5]
=3 (5’*“?)- Proved.

Polar-Co-ordinates.
Ex. 20. Change the order of integration in
/2 (23 cos ¥
[ reoraarn
]

o
The region of integration is Y

bounded by r=0 and r=2acos §

(a circle on initial line as diame- 8
ter of 2a) and the lines =0,

i.e. initial line and 9==/2, i.e.

OY. In the given form of

integral, we have to first integrate w.r.t. r, i.e. we considered
strips in which r was varying and ¢ constant just asim
§2P. 161,

A 2a
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Now after change of order we will be integrating first
wr.t. 6, so that we have to consider strips of the type in
which 8 varics and r remains constant.  Consider an clemen-
tary strip (circular type at a distance r from 0) which has
1ts extremitics on 0<0 and r 2a cos 0 (# varying, r cons-
tant) and hence the limits of 6 arc 0 to cos~* r/2a. Also the
himits of r arc clearly r 0 for O and 7 2a for X.

Hence after change of order the given integral takes the

form
2 12
!afcm e, By r dr dd.
o o
Ex. 21, Change the order of witegration in
T/2 fa 14¢0s &)
f I {0 rdodr
o

acose
+!-1 r (+cos ”f(r, 0 rdbdr.
nj2Jo

r=a (1-+cos 6) 15 the
well known  cquation of
cardioid and r=acosfd s a
circle on OA as diameter.
The region of integration for
the first integral is bounded
by r=acosf, r=a(l+cosb)
and §=0 and §=r/2, i.e. it corresponds to ABCOAB. The
region of integration for the second integral is bounded by
r=0and re=a (I--cos ) and 8=m/2 (for C), and g= (for )
i.e. 1t corresponds to OCLOC. Hence the total region given
by both corresponds to ABCLOAB.

Now we shall consider strips in which r is constant z.nd
4 varying but before that we should divide the whole 'Y'QS“’"
into separate parts, so that in each part the extremities of
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strips He on different sets of curves  With O as centre and
radivs a i.e. 04 draw a circular arc thus dividing the whole
into two parts ABCA and the part 41CLOA i cach of which
Tegion we consider strips (r constant) whose evtremities lie
on different sets of curves

Region ABCA. In this region the extremities of stups
lic on §=0 and r=a (14+-cos 6), so that the houts of 8 arc

from 0 to cos™? '—;-(1 and the limits of r are from r—a for A
and r=2¢ for B. Thus after change of order the integral

for this partzrn "‘m(: r=ara f(r. 0} rdr do. N 3]

o
Region ACLOA. In this region the extremitics of strips
licon r=acos 9 and r—a (14-cos @), so that the hmits of ¢

r —a
are from cos-‘ato cos-? r—a». Also r varies from 7-0Q

@t 0) to r=a for A. Thus after change of order the
integral for this part
@ feos=) (r—n ja
= . dr do. (2
In j’cos“ tria) e Oy o dr @
Hence after change of order the given integral
=sum of mntegrals (1) and (2),
§ 3. Transformation of Multiple Integrals.
Supposc we have to transform the given multiple integral
S ¥y D dx dy dz
to another system of variables u, v, w, where x, S are given
as functions of i, v and w. This process of changing is
called transformation of multiple integral. _
_ Working Rule. (1) Change f(x, 5, =) by hctual substi-
tution of the vatues of x, yand zinterms of 1,1, wand let
the transformed functijon be Sl vow), .
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(2) Dctermine the new limits of u, v, w. The help of
gcometrical conditions may be taken in dctermining the
new limits.

(3) To change dx dy dz (Important),

The given multiple integral is

I dx I dy I[(\'. y.3)d:

and we know that while integrating w.r.t. 5, x, 5 are fo be
treated as constant, We shall therefore express = in terms
of x, yand w by the help of given relation e, one old
variable z In terms of one nmew varlable w and two ofd

variables x and y (Note). Replace dz by gf du,

Again we shall express 3 in terms of 5w and v and
replace dy by :i—[-: dv, 1e¢ 2nd old varisble y in terms of two

new yariables v, w and one old variable (but not z) which

has already been eliminated.
Lastly we shall cxprets v in terms of w. v, » and replice

Lt
deby :4: du, Le. 3edold urhl?vf ol[
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du v dw
%, ¥, z regarded as function of «, v, w,

Importz;nt. In general 15 the Jacobian of

[:nd oz az

i, dx dy dz _o(x, y. ) | éx  ax  éx
I, v, ) | B aw
\ &y oy oy

| ou o ow |

|

i

i

u o aw
Hence we can directly write
ox ox ax .

dx dy dz= o 5 i du dv dw.
w o ow
ou av o
ou o ow
We shall jllustrate the above by taking suitable examples.

Ex.22. Transform the integral II V dx dy by the subs-
titution x=r cos 0, y=r sin §.

From the given relation x2y2=r=.
So ye=a/(r2—x%), i.e., onenew variable r and x,

X=r €08 0, i.e., twonew variables r, 0.
C g qdy 3
dy“tﬁ'dr”2v(ﬂ——x ).2r dr=t dr-.sm 5 dr,

dx N
dx-m do=—r sin ¢ dd.

Soodyod, “___dx ar =3 df dr=—rsin 0. ) do dr
36 dr

w=—rdgdr.
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Also suppose I 1s transformed to V",
Hence the given mtcgral:——”- V'r di dr.

2nd Method.  We could also write

o .2 dx r r r 1
N=/ (=1, o - e e
V=23 dr \/(rf = x T rcosf cost’

Y—rsmn#, Z%*rcm e.

dx dy )] .
dy.d) =g -dr M= oy T 05 0 dr dd=r df .

given |nlcgml':-”' Fordr do.

3rd Method. Agam

de dy e vy éx PR3
dride ir,my or oy
) v
or @ .
—' €osP —rsnfl |—r(cost@+sin® 6)

—7r.
sinf reosé |

de dy—rdr di,

Hence given im:pml-j ¥ordrd?

¥x. 23, Trantform the integrat “'J' Vdodyd: inta new

Y, T T

varisMles u, v, n, where X o3 o2 U BT
V-~ (y . 7) eontaining one new a1d two ol
¥ -wr - contaning twe rew amd ong ol (ot 1),
repvs contaimng all the three cea varabln
A,l dr ds
il

'
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:lv dy dz
dadr i == dy dw
=1 . du dv dw=1® du dv dw
Let ¥ be transformed to ¥’ by putting x, ¥, = in terms of
u, v, W,

Soodx dy da==

ie., z=mw, p=uv—z=w—uvw and N=t—(p-h2)su—uv.

s the given integral:fjf V't du dv dw

Alternative. dxdy d::c»(r 223 e d dw

a(u, v W)
ax e A | gy v dw
ol v o

|
Lo o o
! au av
ou o ow
1—v -~ 0 . dudvdr.
|
[
v (L—=w) u (1—w) —uv|
|
o wit wv |

Adding R, to R,, we get
dxdy dz=| 1—v —u 0 jdxdyd:

v w0
W wiu uy
=uy {1 (=) 4w} du dv dws18v du dv die.
Ex. 24, Transform the integral j“- V.dx dy dz by the

rolar transformation
X=rsip § sin $, y=r sin O cos $, 2=r cos 0,
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Ist Method. x%4)?==2 sin? § and X2+ p°4-22=1%,
S X=+/(r*—)*~z%) containing one new variable and
two old,
z=r cos § containing two new and no x,
y=rsin ¢ cos ¢ contaimng three new variables
and no x and z.

dx _ t.2r o r 1
dr 2P~y —)x"rsm 6 sing sin 0 sin g’
dz _ . dy _ PP
qo= T sin ¢ and a-;-—-«r sin @ sin ¢,
. ._dx dz dy
sodxdy d.——a; .a—a.d?;dr 9 d¢

1 :
T {—rsm ) (—rsin 0 sin ¢) drdo df
=rsin @ dr do d$.
Let ¥’ be the corresponding value of ¥ ; when changed
to polars, then the given imegml:“] V'risin 8 dr d9 db.
Alternative.

s Jee 2% ¥, )
dx dy dz= A 0. dr dg dg

= sinfsingd rcosfsing rsin 8 cos 4 | dr d0 d¢
sinfcos$ rcosfcos$d —rsindsing

cos § ~rsind 0
s=[r sin 8 cos ¢ {—r cos ¢ (sin* 04-cos® B)}
r sin 0 sin & {—7 sin ¢ (sin* p+-cos? )} dr IO &9
=[—r? sin 8 (sint $4-cos* ¢)] dr 47 db==rt sin 6 dr 49 &4
etc.

£, 25, Transform the multiple integral

I I I V7 dxy dxg diy dxg,
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where

q==r Sin @ cos ¢, Xy=r cos cos P,
Xq=r sin § sin, xy=r cos @ sin i,
X2 X212 5i 0, XgP+x 0= cos® 4.
REEE U S AR AR B AL N
Xp=1/{r—X,2—x;?—x,?) containing one new and three old
Xpy Xgs Xygs
Xy=4/(* cos? f—x?) containing two new and no x,,
Xy=r sin 0 sin ¢ containing three new and no xy, x;,
Xg=r cos 0 sin ¢ all new and no X, ¥y, X,
o _r 1
@r " x smdcosd
dx, _ 2r? cos O sin @ 2r2 cos 6 sin @ 2rsin 0

dp Xy F T rcosfcos g T cos i

dx,

. dx,
En =r sint ¢ cos ¢ and —*

Friadd €os ¢ €os .

. _ 2 —2r sin § .
S.odxy dxy dxy dx‘—m (W) (7 sin 6 cos ¢)
X (r cos 8 cos ) dr dg dp d
==—r3 sin @ cos 0.dr 48 d$ dy.
1 ¥’ be the corresponding value of V after converting

to polar, then the given integral transforms to

_”” Ve sin 0 cos 8 dr d dp dy.
Note. You may evaluate yoursell by the help of
Jacobian.
Ex. 26. Transform the double integral I J. amipn-1dx dy
by the formula x-+-y=u, y=uv,
dx dy

x=y~yand ps=uv; ., d—-u=1, i
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Ix dy
Sodx d_y::T::, ;% du dv=u du dv,

y=uvand X=u—wr=y (1—y),
Rac TR W (1—v)m=t yn=1yn =t ppminog ey (1—vym-1,

The given mtegrals'” HRRn=1 (] _yymet gy gy dy
:II umn=lyn=l (] _yym=1 gy oy,

Ex. 27, Transform the mntegral f J. Vdx dy d-.
(Rajputana 62)

ity gl
If A= PRI
u N ity
a(x, p, 3]
dx dy d.'z,fg 5.3 duy, duy, duy,
& (g, tty, 113)
Now (v 2 A by .
o (ty, g, 1) iy Uy '
: |
1, iugtty i,
A A iy
1ty 3 EEA
ity uy T ugd

gy
LN A7t
2 ( Lt } o,
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=u‘l 04200004 20y u505] = 4.
10

dx dy dz=4 duy du, du,.
Let ¥ become V' after substitution of new variables.
Hence the given integral

=IV’,4 du dv dw=4 J‘V1 du dv dw,

Ex. 28. Transform the integral .”j Vdx dy dz, when

X=r sin 84/ (1—n# sin® $), y=r sin $+/ (I ~n® sir? 9),
z==r cos 0§ cos ¢ and md+nt=1.
dx dy d»-" (x, yd:)) dr ds db,
2(x, y,.)_I ox ox ox
9(r.0,8) ) ar o0 o
! oy o o
'\ or o0 o9

=4 say.

o oz o
dr @ 89
From the given relations,
X2-f-y3e=r2 [sin? O+sin® g~ (m*+n?) sin? § sim? §],
o XFy34at=r? [cos® 0 cos? ¢-1-sin® 64-sin® ¢—sin? 9 sin® $]
mint=1
s=r® [(1—sin® 6) (1—sin® ¢)+sin? 8-tsin®
—sin® @ sin? ]
=r? [1—sin® 8—sin® $+-5in® 04-sin® ¢J==r2,
Differentiating x*4-y=-J-z3==r* partially w.r.t. 7, 0 and b,
we get

ex, &y @
HTYatEgen
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ae-H’ 9+- = —0
a¢+y 3 ¢+~ = —0
Now keeping in view the above relations,

the first row of 4 by x and hence divide 4 by x and then
add to thss first row y times 2nd row and z times third row.

we multiply

1 ax ox ax 1

A——; Zx(,; Zxag Z'K‘,g =3 r 0 0
L o oy o
or % 8 oar 8 3
= x o ] o o o
ar % 2 or o0 o

(2 2z

“x\o0dg 2430

4
x
r[rsin ¢ (—2n® sin fcos §) _ .
J—C[ 2y/(I—n*sin? §) {—rcos f5in $)

—r 03 ¢ +/(1—n? sin? §) (—r sin 0cos¢)'

r
=rsin 8/ (1—m? sin? §)
._f_ﬂ‘l‘ 2 2 4 (1—n?sin? 5)}]
[V(l—nz “n? 0)(71 s5in? ¢ cos? 6-+cos® $ (
Put 1=m?+n
1—n? sin? 8=m?+n? (1—sin? §)=m?+-n* cos* 6
re
=Y A—mtsnt §) o/ (1=n¥ sin® §)
X fn? sin? ¢ cos? B-+-m? cos? $+-n? cos? ¢ cos? 0]

sin? 6)

rﬂ
—— e
v —m?sin® §) /(1-n x[nt cos? f4m? cos* 3.
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If 7’ be the value of ¥ after transformation in terms of
new variables, then the given integralz'” Ve.d.drdp dp,

where A4 has the value written above.

Ex. 29. Prove that if
X==u Sitt &V €05 @, y==U €05 o~V Sin a,

_J=p o $(u, V) du dv
ﬂ V== = “U Py
a(x, ) . sina COS

o, v) | cose  —sin « =—L

o ode dy——a(x VY)) i dvm—dlu .

Also x34-y2=22 (sin® x-+cos? ) +v? (cos® x+-sin® )
=u34-vE,

If fix, y) becomes ¢(u, v), then

$(u, v).du dv

Ja=a=

Ex. 30. Transform to polar co-ordinates and integrate

— X2 , .
I I A/ ( T +y2) dx dy, the integral being extended over all

positive values of x and y subject fo x*+y* < 1.  (Agra 45)

I=—

For transformation, x=r cos 8, y=rsin &,

Now dx dy==r dr d9. (See Ex. 22 P. 187 for proof}

Now in the 4-ive octant of x2+y2 < 1, ¢ varies from
0 to 90 and r varies from 0 to 1.

Also X24-y2==r? (cos? f-tsint 6)=r3,

I—I j'" A/(“") rdrds
SR =SEET
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s (1_"-) Put r2=si P
=2 o vA=r) f~ ut r¥=sin § and adjust the
" limits.
- */2 (1—sin 0
=5 5 o5 ) cos dﬂ_—[e+cos a]

1Y ")
Ex. 31. Find the value of
s (D
L I (m_-‘{%)m by transformng it to polars.
Putting X=r cos 0, y==r sin 8, we have dx dy=r do dr.
The limits of integration suggest that the region of
integration 1s bounded by =0, y=>b and x=0, x=a, ic. a
rectangle.

Hence the given integral after 1%
transformation 1s 8
J J‘ rdjdr
(c:+,2)3/2 1

taken over the rectangle OACB in
which OA=a and AC=b. Join OC 0]
thus dividing the region of nte-

b
gration into tnnnglcs OAC and OCB, where tan r=g

v

Joo s ysm and cos yzm).

Region OAC. The limits of r are clearly from Oto
a sec 0 and those of 0 arc =0 to 0=y.

Region OCB. Thc limits of r in this region are from

010 b cosec & and those of @ are from ¥ to ; Hence the

above integral
ases® rdddr boosec O rdodr il
—I j. e .[ ,[ fEreger iy
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2rdr dr
Now [ *I oy
“ l = l

) 24 (2 LT T ey
¥ asec ¥
I,-"L [m] d0
i b
’J (; )) 17
sin! 0)
v 1 sin-? 58
¢ o™ V@i,
==7:—1 iy _CSiny
¢ Vaty c
o he
¢ FETOvET
Now sin~? a—tan vTai:QI}'
be be

sin™? Vierava+ b")—m" a (@G

y 1. o _be
K=ttt a @RIy )

"2 1 b cosec @
e[ | e
]

2 1
=JY {E T/ cosec? 0+cz)}
iz sin 8 d8
v V(B Fct=cf cast 0)

e ]

*/)+—{0 st ‘/c(bc-os :,)} Put for cos '

i
Al

1 play
< Na Ma ""*

hatdl hae

if [

bl Bl o

It

Nlﬂ

’)“c e e w(b2+a2>
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_1

1
(2 7) ~ tan—! Im"—'?‘) ..(2)

Adding (1) and (2), we have

l+1=\[ L.
1 c|[Y+3—r—tant aV(a- b=+cz)

—tan b\/(a2+b“+c=)]

Now apply tan-! x-}.tan-1 y=tan! ¢ +i,

Terre )
tan-1 V@FEFEY

L
ez .
“m;?)
.. L gp— f-‘\/(a+b’+cz) cot-1 e/ (@+b*+c%)
cl2 ab
1 ab -
=-tan! __"_ _ ___ .. =1 cot-! x=z.
o tan T@ErETT tan™! x-co 3
Ex.32. Show by polar transformation that
tjc tan af42 Ic tan afy2 dx dy
. . ()33
cegan-t S€€a—cosa_ ., sina .
={tan-t ————tan Seovs
It is exactly the same question as before. For conve-
nience sake put a=b=c tan /4/2, so that the rectangle of

Iast question becomes square and tan y=>b/a=1. i.e. y=n/4.
Hence after transformation the given integral
wihfaseco rdf dr n/2 acosec0 _rdjdr dr
I f (r’-H")‘“ w/‘f ey
=c (h+41).

J [x/(rwrm]m:e “I'“(c “/‘(Fs'ccl‘a?r’i)
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_m cos # df a1 [s ind sin 8 ]-m
“40"‘[‘, 1/(a’+cﬁ—c2 sin? @) dc ¢ J@E+en],
_x 1 si 1 tan-1 c
Ak \/2\/(a~+cz) e U yE e
= 1 ctana
L. e Vi e 2a%==c? tan® a.
=g ctan \/(Za“Jrc?) Put g= w7) ie 2a%°=¢2?tan? «
g Vo e o e
S v E by Py (T ) G
nf2 4 cesec 8
fe= I =/ [\/(r- cz)]
j"'z [1 S T —] do
=} Le™ V(@ cosec? 0+¢3)
= a1 fa2 sin b
=(7_71 E_Jnm V@ c¥ ot B
1 1 _ccosb ] It
=3t M V@l
) 0—sin-t L
=&t [P vErs
I .
=£Z"E tan"! cos« asin [,
e(h+h)
T - T 4 2cosa
~{55) 2 et cos aGotan R
=cot-1 2. cos tan=1 1—cos?a ., S€Ca—COSn
1—cos® ¢ 2¢cos o
_, sinta
or =ty e

Ex. 33. Show by transformation to polar co-ordinates

atan g fatan B dx dy
that [ (1

;— {sin « tan! (tan § cos a)+sin B tan™! (tan « cos B)}.

(Agra 61)
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Let usput ¢ tan = and 2 tan §=B ; so the region of
integration is bounded by rectangle x=0, y=0, x=4, y=B.
B tan B

Let us suppose that tan y~——‘—a—~ so that after converting

into polar, it 1s JJ (%;,, and it can be taken as sum of

two integrals as 1n Q. 3I.

A sec rn'@n'r 22 (Bcosec® rdfdr
“f f trayt I J‘ (r-+a=)‘ =il

dr 2rdr
N rdr J’ 1
o (o =} Fra)E= "2 (r~+a"')
. _{7_ Aseco Y 1 1
” ‘.‘- 3 [r“+a ] =t J. (A’ sect B+aﬁ_17”) @
_ by Azsec?d _ A*sec?0 o
T2}, m¢ §+a* ?a”,( (A‘+a’)~) Aftant 6
A4 [ tan-t Atanéd
v +a Fa?) Vtitay,
Put A=atana, . A*4a*=atsecta,
o L= _atanaz tan-1 & tan o tan y
" Za*.asec « aseca
2{‘1, sin o tan~1 (tan Bcos e) by (2). ...(})

°- tan ysgf-ﬂ or tan « tan y=tan g or tan f cot y=tan z.
N tan o
@
Similarly \\c can find the value of /,.

w2 Beosecl ~ *[2 1‘ Y a
‘—I ,s+a. Bicosec® 04 a*” a?

w2 B coscc’ 3 P B ri2 —Bcosec? 8 i
,l;X-Hzi-A—Lrx cot? ¢ = T2at Hra s-Bcotr v

Beotd ]l/’

“"za* 7 B o )[ V(B a), i .
vt put B-atan? 5L ~atsect £

’_2417
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__atang atan oot 7
R t—an. — -t LA =
mﬂ[o tan ascc B 0]. .+ cot 90=0

v
=3 Sin  tan=! (tan « cos B by (- .3

chcc the given integral
=37 [sin & tan~? (cos « tan p)+swn g tan™ {cos B tan @)}

o oo
Ex. 3. Transform I I X 2xy cos & +3" dx dy
o

Jrom rt’ctungular to polar co-ordinates, and hence show that its

integral is m,
=1 ¢0s 0, y=rsin 0 .
Evidently the limits of integration cxtend from x=
X=eo and y=0 to y=c0.
“The limits of r therefore extend from 0 to e and thase

. xipyr=rtanddx dy=rd dr.
0 to

; in the -+ive quadrant.

I-_=J'I2 jm e-—(r'+2/' tn 0 cos 0 €os &} p 48 dr
0

0

of § from 0 to

-

=72
%J'rle[ »1’ (1-+2 sm 0 cos 0 cos a)]» &

1

e

j'lz J e (142 sw 0 cos 0 cos ) (—2r do dr)

e
(12 sin 0 cos g cos «)

Now ¢*=—, =0 and e’=1.

. - 1 (w2 1
o I_—»L (0_x+25m0‘cosecosa)d0

Divide above and below by cos®

. 1=} ” sec® 0 46
T jo (i7tar® )+ 2 tan 8 cos o

Put tan §=1, .. sectl dg=dt.
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1 j‘ e
2' o %42t cos a+cos? at(1—cost o)
17> dt

=2), (tcos frante

11 t+cos a]®
—z. 1 iTeosa
2'sm u[tan sin o ]o
1
_ -1 a1
=555 g [tan" e —tan~! cot o

=1 -
= en [Z—tan 1 tan (i—a)]

1 Ll Aid a
=Tsin 2 [27\27% T Zsin

Ex. 35. Show that
0 roo 20 poo
~ (x5 - —rt dt
] jn ¢ dx dy jo J‘a e’ rdrl'f"z‘

where x34-y*=r* and y=tx, and hence evaluate the integral.
(Vikram 62)

s, X% y*=r* and tan a={

Put x=rcos 8, y=rsin 8 ;

or y=xt where i=tan ¢.

1
Also g=tan-11; dﬂ:m’ dr.
Also when 0—2, t==co and when 0=0, 1=0.

I'I=J‘ e=r' rdﬁdr—-j Jm c—r"—lﬂl' dr

_—.J' -[ —"] da—f _-[u_n,nnj'

-
1
3s

1777
=5 [9 T
Ex. 36. Show that
TR adx dy 2
[ e e
“rer transforming the integral Inla ru {
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Here the limits of x and y both vary from —o to +oo
so that the region of integration extends to whole of x-y
Plane and hence in polar the limits of integration for r vary
from —c0 to e and those of & from 0 to = thus covering
the whole region. Also dx dy=r d8 dr and x*4)2==r%

Hence after transformation
; l__l"r a.rdgdr
= o) -(_r_l-.i—a’)“"-’«/(r°+bz)
_4J"3 @ ardgdr
) ju (P +a?) P/ (24 By
Now r={ rdr
ow 1 {o (2 4-a2)¥2/ (13- 5%)
i rdr
o PrAVIET® FREE—
Pat 12+n2=}7,

2r dr=w1_2 du
w

Also u=

1
g and when reoo, y=0and when r=0,

1
then U=z

~
]

Jn 2 -3 Vet du
,,a,lJ[ (+b*-a-)l“'[ VUTu a9
77,“1 )[2\/(1+u (o~ a’-)}]l[a.

i

~oma )z

I 4]‘ B w2 ___1._—
. ad L aa(n+b)dg
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=1 r d
2 Jo 12421 cos atcos? a-k(I—cos? o)
A e
T 2Jq (14cos afFtsinta
_L [mn_,r+cos a]’“
2'sina sino J,
1

Sy [tan*‘ o —tan* cot a}

=5 snln = [2 —tan~* tan (i—a)]
et [ _( z
TZsm«|2727% ]=2 sin &’
Ex. 35, Show that
—(x'+r')dxd=J f -rrdr £
[ 1 0 I R =

where x*+y?=r? and y=1x, and hence evaluate the integral.
(Vikram 62)

—

Put x==r cos §, y=rsin 6 ; .. x*4y*=r?and tan 0=§
or y=xt where t=tan 6.

1
Also f=tan-tr; .. de:m, dt.

Also when 0=1,:. t=c0 and when 0=0, =0.

.:j;: -[01 e—".r de (lr»—‘,"nj ~rr 1+,x
Nl N T a=[""

17.9%2 »
=§[a]o =7

Ex. 36. Show that

a dx dy 2
j__m I—w G2y ta) (xz+y':+b-.-)m‘g+b
der transforming the integral into polar,
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Here the limits of x and y both vary from —~oco to 4-c0
50 that the tegion of integration extends to whole of x-y
plane and hence in polar the limits of integration for r vary
from —oo to o0 and those of § from 0 to » thus covering
the whole region  Also dx dy=r df dr and x2-}-y*=r2,

Hence after transformation

a.rdfdr
I= j‘ J’_m (72+a‘)’/2\/(r2+b1)
bk ar dg dr
= [ J. vy
r_ rdr
Now 1= et
* rdr
o (FP+a[(rP+a?) (P+a -+ —a)]

Put r'*+a==1, S 2rdr= ——1; du.
u u
Al ~L and h = =0 and
so 4= iy and when re=co, u=0and when r=0,

1
then u= &

I’=J“1 *ﬁdu lj"/"’ du
1/n'1»/ [1 (1+b’—“2)]_~2 o ViU @E-a]
—s [V (bhaﬂ))]
1
=6 (o) =amy '

" wi2 1
1= 4j adsI'= L O



204 Integral Calculus

_ 4 [a]r/z— 2
@+9l’)y Taxs
Ex. 37. Show that
]: j‘, $ @b dv dy= T fn #e) dr.
(Vikram 65)
Let us first put ax=X and by=Y

1
dx d)"ﬁ dX dY.

1= ¢*
=1 J'o L $ (X1 ¥?) dX ay.
Now put X=rcos 4, Y=r sin 0.
1 s (N
=] L $) r di dr.
Since the limits are constant, we can change the order.

ie. I=alb J‘: I:12¢(r2) rdr dg:aib J.: $(r®) rdr [0]:“

=2% L Y rdr. Now put rP==t, ', 2rdr=dl.

. ®
I=j2 L #(1) dr. Proved.

Ex. 38. Transform the integral

I * [ = (@' +by) xrm-1yn-t dx dy
o 0
to polar co-ordinates, and deduce that
/2 cost™1 g sinint g ’m_E(m‘ n) 1 I'mIn
_L @cost 84bsin? Gym " 2amb™  2ambt T(m-tn)
(Agra 1949)
Putting x=r cos 6, y=rsing, we get dxdy=r do dr
and the limits of r become 0 to o and those of 4, 0 to n/2
as before.
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I I"‘r’ o—rlacos 04 baimd 8y
e

X pim=l pn-1 gos2m-t sin?s=l § r df dr

-1 I"z ."w o=t (2cost 0-+b5in? 8) ymin~t gr costn1 ¢ sin?n-1 g df
0 [
where ri=t.
Now we know that while integrating w.r t. 7, 8 1s to be
regarded as constant and also we know from § 3 P, 81 that

b I'n
—kf gn-l (fpo o,
L ek gl i

. Y Timtn) 2m—1 21
Lo I=} I o D Dok o COFE™ 6 S0 .
()

Agam given integral can be written as

w cw
Izjo L e 0% xtum x fx e~V yant y gy

Putting x*=X and 3*=7F, we get
o o
I:J‘ e—aX Ym-13 dx, j e~bY yo1 3 gy
Q

=3}. I;T £ by the same rule. ()

Now (1) and (2) are the values of the same integral and
hence they should be equal.

. T2 costm=l g sint*-t I'mln

S en) f., {acost 65 sit gy D=L g

. j'/l costmtgsinttg 1 TImln

*t Yo (@ cost84-b s gymin 2amb" "L +n)y
=5 Bl ).

Ex. 39. Transform the integral
o oo
‘{ J‘ xl-lym-l Le=eTby dX dy'
o to
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by the substitution x=uv and y=u (1) and then find the
1-1 —y)ym-1

al . VL (1—y)

value of integral L B U= T oy T Tap dv.

ox,y)_jox ox _’ v u ’———~x~~u (1—¥)=—u.
e(u, vy Jou av |
I—-v —u
y o
n oy

S dx dy=—udu dv=u du dy numerically.
Clearly limits of # and v both are from 0 to .
A]so xl—l}m—l ul-lvl—l um-1 (l_‘)m~l
=uttm=23~1 (] _yym-1,
o0 o0
I=j J’ wHm=2 =) (1 —yymed o= {av +b (1~} u o gy dy
[ o

”m urm=1p—{av+b (1—v)} & 11 (A—¥)m1 dy du.
o
We have to change du dv to dv du and thereby we will
integrate w.r.t. w, first treating v as constant and, we know
o

that J’ it dral?, §3P.8D
__Tm) e
=J; e o 0 ®

Again the given integral
:.—_j e X1, de e-tyym1 !I.V‘—E-I‘ g,,”T’ @

Since (1) and (2) are the values of the same integral,
e 3= (] —yjmt 1 rt.rm B(, m)‘

), WA (=P CTiEm d B @b

/s 4
Ex. 40. Transform I :J" ,»/(m) dp do by the

substitution x=sin $ cos 0, y==sin $ sin § and show that its
(Agra 62 ; Rajputana 65, 63)

value is .
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From the given refation,
X2-y2=sin? ¢, also y/x=tan §.
Limits of ¢ are from 0 to =/2,
i.e. it extends to -+ive quad-
rant.  Also limits of ¢ are O to
w/2 and sin #/2==1 and hence it
extends to the circle x*+y*=1
in the -;ive quadrant.
Now we want to change
the integral in terms of x and y.

Y
8

8(x, 2x.py ) ox dx |=] cos ¢ cos § —sin $ sin 0 |==cos ¢ sin ¢
a4, 6" 8 dp cosdsinf sin g cosd
o
2 do
o de dp="2) gy dymcos § sin $ dp db
. a3, 0’ :
a4
d9=cos § sin ¢ dx dy.
sin ¢
I'_”A/(sm 0) cos qb st ¢ dx dy
w.”1/(1'5111%) 1/(sm qS sin 6) dx dy

=ty gyt v

Here we shall first integrate w.r.t. y treating x as
constant. The above integral extends to +ive quadrant of
circle x243*=1. It will be convenient if we change the order
i.e. dy dxso that we have 1o integrate w.r.t. X treating p as
constant and the limits of ¥ in terms of y being x=0 to
x==4/(1—y?) and those of y are clearly 0 to 1.
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1 fvVI-Y) 1
1:]’ N S
o s

Ll ]

L -] 5o

Ex. 40. Show that

¢ peoz 1 pe
f j Vdx dy=f f V'u dv du.
oJo oJo

If x-y=u and y=ur,
x=u (1—1), y=uv
dx dy=tdudv or udvdu as in Ex. 39.
Let ¥ be transformed to ¥ after changing the variables.

From the limits of integ-
ration we conclude that the
region, of integration 15 bound-
ed by y=0, y=¢—X% ie.
x4y=c and x=0, x=¢
uj‘rr—{-y 0-4+0=0 for ‘Jower A(C'O:K

Jimits when x==0, y= =0, e
=x-}y=c for upper Irmit. Y

y__¥ i
Again v__;__;q__;— Z X0 for 4 (¢, 0)

8o

== =1 for B(0, ).
c+

I Vou dv du.

Ex.d1. By using the #a- v=H, y=uh

prove that I=” oy (1-3=F ¢ the area
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of the triangle bounded by the lines x==0, y=0, x4-y=1 is
2r
03"
F=uv, Xy, x=t—y=y (1-—V).
Vixy (I=x—)l= \/(u (=) w (1~u)]
w2/ [(1—u) (1—9)].
Hence as in Q. 40,
1=_fl _r wt((l—w) A=) uda dv.  ...(1)
o Jo
The himits are adjusted as in Q. 40 as c=1
or T=[" wt (1—u)i=1 du J’l vl (1—y)i=1ay
=20, 3).5¢, b
3.} iy 20anAnrn 2 I,l_
=[Gty eTh= L.LnnT —iy - 3=V
Alternative. We could also put #=sin* § and v=sin? ¢
in (1)
w/2 rwie
I=I I sint @ cos 6.(2 sm @ cos 8 d6)
xsin ¢.cos .(2 sin ¢ cos $ dp)

/2 w/2
=2 J sin® § cos? 8 df.2 f sin® ¢ cos? ¢ dg
o o

4.2.1 , 1.1 = 2m
=2.7——75.3.2.m.2=1—0—5.
(2
Ex. 42. Transform the integral jﬂj Vdx dy by the
oJo

substitution x-+y=u, y=uv.
dx dy==udy du,

x=su (1—7), y=ur,
The region is given by rect-
angle x=0, y=0, x=a, y=b.

4
B
blis+e) fol(l—
Ans. J @ J” " Vu dv du o
2 e
1 /s —
I j’b ‘p ‘u dvdu. Q
o

2/tb4+a)
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Ex. 43. Transform the integral
II (x+y+2) xyz dx dy dz,
taken over the volume bounded by x=0. y=0, z=0 and

x+y+z=1 by the substitution x+y+-z=u, y+z=uv, z=uvw.
(Sagar 62 ; Agra 46, 58)

From Ex. 23, we get

2=y, y=w—tvw=uv (1—w), x=u—uv=u (1--v)
and dx dy dz=u*v du dv dw.

Also V=(x+y+2)". xpz=u"u (1—v) uv (1—w).uvw.

The given integral

1 l-z fl-{zty)
=I J I (x+y+2)" xyzdx dy dz.
0 0
Hence the transformed integral

=”] uvte (1—v) (1—w) u?v du dv dw

= J II w™s (V—v8) (w—u?) du dv dw.
Limits. When x=0, y=0, z='0, then n=x+y-4z=
and when x-+y+2=1, u=1, so that the limits of #are 0 to 1.
z
“'=17v=;7+__° when z==0.

Also ytz=1, ie z=l-y; = w=:]—y.

when y=0, w=1 and y=1, w=0.

Limits of w are from O to I.

. w  ytz
Again v—;—m—_l if x=0.
Also xpytz=1; o ve=ytzr=L

1:]‘1 r r ™+ (1B —1Y) (w—w?) du dv dw
oJoso



Multiple Integrals n

PRt U T BRTCY L QWC R4
[l [T [2-51
=11 1) ! 1) S S
Ta+6\d 5/ \Z73/T 20 (nFe)”
Ex.44. By means of the substitution x-+y-tz=u,
Y-tz=uv, z=wvw or otherwise, prove that the value of
I-”‘ X1yl ([ x—y—2)t dx dy dz,
taken over the volume bounded by x=0, y=0, z=0 and
XA y-z=1is w2/4.
Proceeding exactly as in Q. 43, the given integral after
transformation z=uvw, y=uv (1—w), x==u (1—v} is
1
I i J' ' J‘ [ W)V fuw (Lm )] () Y2 (1 — )12
eJo e
xutv du dv dw

=r r j‘ w2012 (1— )12 (1—y)~V2 (1—w)~Y2 du dv dv
0Jdo

0
=r ud =1 (1-m)i~t tlur vi=T(—ni=t m
0 o
xr w1 (1 —w)i=1 gy,
0

bt (e x)nt de= LI
Now L * (L=t de= B0, m)=—Fims.
1=33.D.3(LHEGY
_rir3 rery nir
TR+ TA+H T A+
Now [$=}l}=}4/n and [3=2 1=2,
Wi o Jrde ot
- 2 Y U Proved,
Note. See also Q. 15 P. 144,

Ex. d45. If x+4-y-z=u, X-y=uv, y=ww, prove that
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5 oo pw @
j j j Vdxdy d::j j‘ jl V' u?y du dv dy.
0 i 0 o oo
(Rajputana 57)
As in Ex. 23, we can prove that dx dy dz=tv du dv dw
and suppose V 1s transformed to ¥,
From given relations, z=u—uv, x=uv—mw, y=nww.
Now if y=0, then either u=0, v=0, w=0,
if x=0, uy (1—w)=0, ie w=1l
and 1f =0, u(1—v)=0, 1e. v=1
Thus v varies from 0 to 1 and w also varses from O to 1
and u varies from 0 to e

i T £l
I:J. I j V' uty du dv dw.
o oJo

., dx dy dz 1 5) .
Ex. 46. Prove that J‘J’J‘ Ty (IogZ
ded by the co-ordinate planes and

through the volume b

the plane x+y+z=1.
z varies from 0 to 1—x—py,

y varies from 0 to 1—x
x varies from 0 to 1.

= A
[l
” SEEFED 2]
R ] L
27!

1 1 Lo 10
<[yt 0= rgxig 5]
=] log 2—§~ 1= (log 2-1).

and
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Ex. 47, Show how the change of order in the ’mlegm/

o ¢w
j j e~ sin rv dx dy leads to the wntegration of
o

0
® sin rx : o
—= dx
Py A

® row % [tz o
I:J. I e~ sin rx dx dy= [« sin rx] dx
0 o L% o

1

had s rx’ 2 sin rx
N

w0 eoo
Apgain I:I j e gin rx dy dx.
[ e
Now 1ntegrate w.r t. x first, treating y as constant.
j e~ sin rx dx

=j 2y (__C_gs_r_\;)+”'cqi ™ () ey

e
———; cos rx—% I 2= cos rx dx

:._e__ cos rx‘,,![ﬂ_wsu:rx_‘[sm rx (=) == d\']

Vil Lanid ¥ .
T l-{»’»2 e~ sin rx dx—— - oS r:c——;: e~™ sin rx,

. i
- €=2¥ 5in r¢ dy= —~——— fr cos rx=+y si L
I r3+),2[ © +¥ sin rx}]

P’ had e~y L. =
A‘Io —['T:FT: {r c(’ys rx4y sin r,\'}]u dy )

) £ 1 ot '
or, ..-L (0 TR ) dy= [r.; tan-! %],, —:; .o (2}

Now (1) and (2) arc the values of the same integral,

. * sin rx ”
A — dr=s
s X
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Ex.d8. Ifrand r' be the distances of a point in the
plane of reference from two fixed points at a distance 2¢ apart
on the axis of x, then between corresponding limits of

integrntion JJ 2ey dx rIy:II rr' dr dr'. (Agra 33

Let O and C be two y
fixed points on axis of x,
such that OC=2c and P be
any point (x, y), such that

OP=r and CP=r"

Clearly PM=y,

OM=x and MC=2¢—x.

Pex.y,

2¢-%
9 2¢,0)

r=y*4x? and r2=y24(2c—x)h

Ay _Jor ooy | x oy
o) T Ex BT r r
o o _@c—x) ¥y
ErilT i
=X % (x4 20— v)~2cy
drdr =——- Y axdy, - 2eydedy=redrar.

”. 2cy dx dy:_” rr drdr’.

Ex. 49, Transgform L” (x—¥) ¢)—2) (z—x) dx dy ds

into one in which u, v, w are the independent variables, where

==xyz, '1-,—~—+I+£ and wr=xt4y24zt
(Rajputana 56)
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fu_ys w1
o SO TR e TS
(v, W) oy Ix Xy CAB R 3
T o 3 3 3w i
&x, y, o) | 3 2 i ' 3un ‘_ 1 ]—
o x2 oyt
x? )»'.' =t x ¥y =z
x ¥ z
Powoow |

Multiply ¢, &3, 03 by x2, 32, z* and hence divide 4 by

x*32=% and take xyc from row no. 1 of ncw determinant.

et d'={ x » = [=«—- 111 Apply
L1t x ¥ z €1=Cgy L3 Cq.
B P l l By s
= o 0 1 |
x—3 yp—y 7|
[ By ps 8]
= (x—y} (y—2) l 1 i
V“+xy+y’ yyets |

= (x=~y} =2 [(*+37429) —(x* +xp+)7)]
== (x~) 0—2) [(z—x)+(=>~x?)
=x~F) O—2) —x) (x+y-+2).
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&, v, w)

=3 -2 (z=x) (-\'+.v+:)=e(x )

Now xyz=13 and (X4 p+2)2=Ix2 4 2 xy=n2+2 '—’,

oo A= 3uluu“ x=—3) O~2) c—x). A/(“'z*f‘z")

du dv dn-:‘("’ d

14t

v 20
s (")
NX(x~3) (—=2) (z—x) dx dy d=.
. . whw 28\ -1
Hence given integral=—3 ,”J.T (n-+T du dv dw.

We may regect the —ive sign.
50. Find the area in the +ise quadrant enclosed between
the four curves @®y==x3% b3p=x3, ctx—=y3, d2x=-y%,

Am:” dx dy.

Let the equation of the curves be
13y =x3, where u varies fromato &

dx dy dz

and ¥ir=33, where v varies from ¢ tod.

3
Solving, we get u’)'-—-(\’—:) or =y, s g th)
and similarly x—u?"t 1%
e, )y i i 'r*",—n‘.-—,"r—a .

Now - ,
HUAD N e fgt 1

P

X3V i e el dv.

oodedy - Fion
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-U dedy= J J 3 du dv=} (b—a) (d—c)

=} (a—b) (c—d).
51. Four parabolas y*==dax, y*=4bx,
xt=ddy intersect and form a quadrilateral space.
area of the space thus enclosed.

x¥=4cy and
Find the

Arc:|=-” dx dy.

Let the equation of the curves be
y?—4ux where u varies fromato b
and x®=4yy where v varies from c to d.

Solving, we get (:;;).:-411.\:.

X=4u12 ang p =4y,

20 3)_ [ LY LI MENEY
E)

L

Lodedy= ng' y; du (lv——" du dv,

KA II dx dy:j j 18 du dv=12 (b—a) (d—~c).
ale
52. In case of orthogonal transformations,
g=hxtmy-taz g=lxtmatms, {=lx-tny-tnz,
where E4nt+03=x34-32422, prove that

J'” flav-tby-Fez) dx dy d::f J' j 3 dE dn
where k=-+/(a*-+b%+c*) and the region of integration in each
case is a sphere of radius unity with centre as origin of

co-ordinates.
Let as=kly, b=<kmy, e=kn,; [ +/(@+b+cH=k.
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avtbytez=k (hx4my +n,:) ke,

&) _
ey = L m Al
L m n
Iy my ny »

from Co-ordinate Solid Geometry [see P. 233).
dg dn di=dx dy d-.

IIIf(ﬂx+by+c:) dx dy d':I”.f(kE) dz dy %
where Bt +E=1.



CHAPTER VI
FOURIER’S SERIES

§ 1. Some important results to be used in this chapter.
1. j‘n S(x) dx=0 if f(x) is an o0dd function of x,
ie. S—=x)=—f(x).
Thus J’"_“ sin nx dx=0,
sin #x is an odd function of x,
rnf(.\) dy=2 I:f(x) dx if f(x) isan even function of
x, le. S(=x)=f(x).
Thus ra cos nx dx=2 J: cos nx dx,

cos nx is an even function of x,

I" cos nx dy=2 r cos nx dx=2 [s_in_n_x]'__o
—r ° n g

ad

sin nw=0 and sin #=0.
n *
3. I cos mx €os nx dx=2 I €os mx €os nx dx.
- o

Here the function is an even function of x
=r {cos (m--n) x-+cos (m—n) x] dx
o

=[9in {m--n) x Mn_——_r_l_)_x]'

m4-n m-—n =[0+0)=0.

o

x . . * . s
4. I . sin mx sin nx dx=2 I sin mx sin nx dx,
- o



220 Integral Calculus

sin (—mx) sin (—nx)=(—sin mx) (—sin nx)
==S51Nn MX SI1A nY,
i c. an even function

=L [cos (m—n) x—cos (m-+n) x] dx=0 as in (3).

Thus remember that integral of cos mx, sin mx,
€0S mX, cos nx and sin mx sin nx within the limits —a to = is
zero.  Above also holds good if the limits are 0 to 2, where
m and n are infegers.

= . - -
5. I_K cos® nx dx=2 ] cos?nx dx:f (1—cos 2nx)dx

0 n 2 N - o
sin 2nx
:[x-f-T]n =,

] ] -
I . sin® nx de=2 f sin® nx d.\':J’ (1+cas 2nx) dx
= o [

_sin 2nxJT
=X 2” A .

Thus integral of cos® nx and sin? nx within the limits —=
to = is = and if the limits be 0 to =, then the value of integral
is 7/2 and if the limits be 0 to 2m, then the value will be 2.

§2. Fourier's E i E jon of a functi
X in a series of sines and cosines of multiples of x.

(Sagar 63 ; Burdsan Hops. 64 ; Karnatak 64 5 Agra 64 3
Gaubati Hoos. 65)

of

Let us assume that a given function of x defined in the
ded in a trig ncal series

interval (—w, =) ¢an be

of the form given below :—
f(X)=a,-+a, €OS x+a, cos 2x+ ... +an COSNX+ ...
by §in X by sin 20+, basSin NX .,

whete ay, ay, G- - 20d by, b,... are all constants.

(D

o . e
S(7)=ag+ X an cos nx-+ ¥ |!',. sin nx.
n==) N

The above expansion of f{x) is called Fcpricr‘s Scries
for f(x) in the interval (—=, 7).
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Let us further assume that the series (1) can be
integrated term by term between the hmits —r to . The
various coefficients are determined as shown below.

To find a,, We integrate both sides of (1) between the
Iimits —z to m.

o
J'K S(x) dx=a, jn dx4 Z {an r cos nx dx}
—r — =1 -

—r—; {,.I" sinnxdx}
n=1 hatd
2, {x}:"+0+0 by (1) and (2) of § 1
=2na,.
. 1 f= i
- :2_;’] 1) dx-2—"Jl__n/(v) &, )

To find 2,, Multiply bothsides of (1) by cos nx and
then integrate within the limits — to w ; we get

r S{x) cos nx dx
-
=a, I cos nx d\+ ; {r,. I" cos? nx n'x}

+ E {¥b,, r sin 2nx dx}
—T
=0 4.47,, =40 by (1) and (2) of § 1. .
= J_K J(x) cosnx le=‘;J':_ J(¥) cos nv di,
.3,

To find b, Multiply both sides of (1) by sin ax and
then integrate within the limits — to .

J J(¥)'sin nx dx=a, J' sin nx dr+ Z’ o r sin 2nx dx}
~c 2

+ 2 [b. j. sin® nx tix]
n=1 —r
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=0+0+bn.m by (1) and (2) of § 1.
. 1
bl J.inf(x) sin nx dx
1=
== f_"f(v) sin ny dv. (D

On putung the values of ay, an and ba from (2), (3), (4)
in (1), we get

o
S(xy=a,+ 2' (@ €05 nX+-b, sin nx)
n=
1 (= 1% n
=35 J:Rf(l’) dV-!—.; nil cos n.\'j_nfy) cos nv dv
1% n
+- X sin nxj S sinav dv.. (5)
7 =t —n

— r ) dv+1 7 J‘" Jv) cos i (v—x) dv ®)
27 )~n Tp=t J—r T
—r KX Lm
The forms (5) or (6) are called Fourier’s expansions.

§ 3. Assumptions for the ¢xpansion in a Fourier’s scries.

(Gujrat 59 ; Agra 61}

1. The given function js assumed to be single-valued,
continuous and integrable in the given range.

»
2. The series 2,+Z (aqc0s nx+b, sin nx) is integrable
1

term by term. In other words, jt means that the series
should be uniformly convergent in the interval —= to .

3. The series converges to f(x) at every point
(—m, m), where f{x) is continuous. At ordinary points of
discontinuity in the interval (-, =), the series converges to
3 [f(x+0)+f(x—0)]. At x=-n the series converges to
3 [A(—n+ 0)+f(»~0)], when these limits exist.

in
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§4. Before doing questions the following integrals
should be remembered ~—

[0} I €% gin bx dx = - b*) {a s bx—b cos bx)

( +
=T sin (bx—a).

[p3} j e cos bx dx= {a cos bx+-b sin bx)

oz
cax

== cos (bx—a),

where r=+/(a*+5%) and tan m_é.

The method of successive integration by parts should be
noted.

o] fx’;m 2x dx=.v’( pead 2"’) (3« 2)( si"_zl)

(69 (cos 2‘6) 6 (su}xGZx)-

Here we have integrated sin 2x successively and written
the integrations within brackets. x?¥ was kept as it is in the
beginning and then it was successively differentiated, the
various differentiations were written within brackets. The
signs were alternately --ive and —ive,

Working Rule.
In the interval —x to =,
J(X)=a,-+Z (an €08 nx-+b, sin nx),

where n‘,:%' I’:,‘f(x) dx, a..r-;lr I:‘f(x) cos nx dx

and bn=}7 _ri,,f(x) sin nx dx.

After finding the values of a,, 4, b, and putting
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n=1,2,3, ..., we can find the values of ay, by, a5, by, ...,
so that
S(x)=ay+(a, cos x-+a, cos 2x-a; cos 3x+,,.)
~+(by sin x+b, sin 2x+b; sin 3x+...).
Ex. 1. Find a series of sines and cosines of multiples of

e in mntervgl —q << X < m

x, wiuch will represent 5——
g i Zsmhw

{Agra 51, 62 ; Gujrat 59 ; Poona 60)

What is the sum of the series for x=+4m.
©

Let J(xX)=a,4Z (an cos nx-+b, st nx). . (D
1

The given interval 1s (=, m) and hence as explained
n§2,

-
o= 2#! fG) dx= w[ nZsmhwe &
il et

“Zn Tswh 7 |° f-=" 4simh 7
= (2
=3 smh * @ sinh m)=

1 ]
aw=> I Jtx) cos nx dx=;.2—£l:—h;rj—" ¢* cos nx dx

§4:3)
=5wmh w[1+ﬂ' (cos mx4n sin n\')] [§

1 e (—~1)"
T2 sinhw (l+n-) fer (=) rl
cos nm=(—1)", sin nr=0
(= ¥ e )
=l o sinh me= s

#_p-v-=2 sinh x and e’+r==-2 cosh x.

it~ Ld L .
[|,‘-:; J’:Kj(_r) sin #nx dr-— X "j = sin nx dx
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1 e® . i
=5 snb 7 | T (sin nx - n cos nx) -
ISR W 5
TIsimh w T4n?

(=) (=1)" (67 — e~ ") (- 1) —omr

n"+l

)

Putting for ay, an, b5 from (2}, (3) and (4) in (1), we get
fx)y= 3 s:f; p 2+T"£‘_ b (cos nx—n S1a nx)

=%—3 (cos y—-sin x)-+# (cos 2x—2 sin 2x)—...
Alsg from § 3, we know that at x=d-r, the series con-
verges to}

3 Ut O et Ol e

%.Zfs-m{"‘z cosh ":i coth z,
Ex.2. Find a Fourier's series for f(x) in the interval
{—m, w)where f(X})=n+4x, ~w < x < 0, .
=r—X, 0<X<m {Agra 45, 68)

Ld
Let j(\)=a0+z" {an cos nx+-by sin nx). soa(l)

The given interval is (—s, #) and hence as explained
in§2,

‘j ) d\'—~ U £0%) dx+f f(x) dx]
Now for the first mtegm] we shall choose f(x)=mn4-x,

—m < x < 0and for the 2nd intcgral we shall choose f{x)
=r-50<y <
"v’z”l“ U° () dx+r (r—2) :lx]
T}~ r

1 A: o 'ti kd
Sy
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1 2 :
or 00""5[ 2"; +"’—Z—]=g, )]
1
an=~ t"f(x) cos nx dx

0
= _[_" (m+x) cos nx dx+}r L"(n—x) cos nrdx.

Integrating successively by parts as explamed in § 3,

p=— [(,,+ x) 2T sin nx —) (-—cos nx)-‘L"

e (B
Now sin #wr==0 and cos mr——(—l)". b
o Nf 1 (=D I (=Dn ]
I {°+n2“ T }*;{0” =t
2 "
= {1—(=-1)}
I n be evenm, then (—1)"=1, so that

2p==0, le. ay=ay=as=...=0
and if n be odd, then (—1)"=~-1.

1
=, g5==

4 41 4 4
n=—5- Hencea,__— v &=; 3 -

L
e

=;.lr j"_“f(x) sin nx dx
=1 jn (»+x) sin nx nix-]-ljx (m—X) sin ax dx
w)—n
=£ [(H_x) (~c:s nx) W (—sm nx)]—"
il (552
o) o (~D)-o
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by=by=by=. .. =0
Putting g,, 2a, bs in (1), we get

o
f(:c)::o,,v’-x‘ {20 TO3 2 4-bp SIN 18X

a%}%(cm x+;v2 cos 3x+§5 €05 5% 4. . )
(h) Expand 1 a series of sines and cosines of multiples
of x the function
SXy=x—a, when —m < x < 0,
S=n—x,when 0 <x<m
What is the sum of the series for x=~w and x=0, Hence
skow Ihat

1 bt =T (vikeam 65 3 Sagar 64, 66)
FETHRTTE ? ’
Ex, 3. Obuwain a Fourier's series for a function defined as
S)=cosx fordKxgnw .
J(x)=~cos X for —a < x <0,
(Rajputana 49 ; Vikeam 63)

Letf(x):a,,-{—; (@ COs nx+-bq S10 21X). ()
o=z [ g e [ s asi [ sty ]
==il; ~“wcos x a‘x»{-i;f cos X dx
=2l [vsin x}“ +2’ [sm X] =D, e
;-lr f(x) cosrxxdr.‘~U‘ ~€0$ X €0S nx dx

-
+J. €OS X COS iy dx].
o
x -
Notw we know that I cos mx cos nx dx=:0 and hence
%

Znd integral is zero.



228 Integral Coiculus
Also putting x-- - ¢ 1n the first, it becomes
, 0 L 4
- [ €05 £ COS Nt dt==— —lf €OS { ¢os nt dt==0 as above.
L mJe
an=0. .3
}
hg=- r f(x) sin v dx
r)—n

1ffe -
=~ ~C0S Y S nx Ll.r+f €0s X Sin nx zl.r]
[ s o

1 0
= - —~I (st @+ 1) x4-s1 (n—1) x] dx
+2"I [ssn (n41) x-+sin (n—1) x] d¢
1 cos (n+1)x cos{n—1) ¥
[

=T n+l 0 u—1
1 J_cos{nt1) x_cos (n—1) s }
] n+1 n—1 b
1 1 cos (n+1) = cos (n—l)n]
=iz n+l'{ =1/ CES B i |
1 cos (n+1) w cos(n—1) = 1 1 )]
T3 [{ TS R S '"(n+l+n——l
27 1 1 2 [(—1)"” (-—1)""]
I n+1'|n~—l] ~Zl art HAST
P 2n L
rnio1T =1 T

[C VA GO VG M inal Gt Vi

gy (1= (=1
Now if n is 0dd, then (n-1) is even and (—[)*=-t1.
oo k=0
Hence by=by=b;=...=0, n odd.
Ifu be even, then (n+1) 1s odd and (—1)*H=—~1.
4an
b= 1)
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4n
or ba s (1)
4 2 4 4 4 6

b Tabe Sy s b oy
Henee pmtmg far ay, ay,, b,. in (1), we get

by

6
— 2 - —
fxy (l 3 sin 2y ,-3 5 sin 4 #5 7 S 6Y+.

Ex. 4. Finla serics of sines and cosines of nultiples of
x which will represent x+4-x* i the interval —g < X < .
Hence shon thar
LI
R U A
(Rajputana 62 ; Burdwan Hons, 64 ; Vikram 64 ; Agra 543
Jiwaji 66)
o
Let f(.\’)—uo-J—E (@ c0S nY--by $10 0X). L

The given interval 1s (—m, =) and hence the values a,,
an, by are found as below -

1 (= 3 x
=75 I‘"f(x) (ix:?; I_" (x+x%)} dx=2l”_2ju x2 dx

(Prop. V)
1 frgﬂz @
== 3 .
n,\—=‘— j" f(x) cos nx dxa‘— j" {x+4-x?) cos nx dx
™ -1 kg -
=,Zr r x?cos nx dv, ' X cosnxisan odd function of x
o
2 [14 (sm nx) ~(29) ( ¢os nx)+2( sin :1.\:)]'
™ " 0
2 -
= [0 (4)«]--(4) )
h,,:}; .r-n S(x) sinnx 1I.\f:;~j:" {x+x?) sin nx dx
z~2~ r x sin mx dx,
e
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*." ¥ sin ax 15 an even and x? sin nx is odd function of x
=12; [ ( cos nx) m ( sin nx)]ﬂ
=_§."7’(—1)"= —2_‘3, (=1ym . ()
Putting for a,, a, and b,. in (1), we get

Slx)= ‘+x2‘iﬂz+4 E ( 1y (cos nx sn;,:xv)‘ )

Againfrom §3 we know that the series converges to
3 {(—=+0)+/(x—0)}, when x=+m.

Now fix)=x+x%; . f(—n40)=—nt(—mt=—min®

and Sr—0)=n+nt
Sum of the series=} [~ 7+ n?+n+a?]=n%

Hence we find that at x==, the sum of the series in

R.H.S. of (5) 1n #%. Hence putting x==m in (5), we get
Ta s (- [C
3 i i

P51 o et
or 72—3~4IE."2 s (=1
2a2
or 7—4(1+2, o)
or ?=1+27+3_2+"'

Ex.5. Obtain an expansion in a mixed series of sines
and cosines of multiples of x which is zero between —m and
0 and is equal to e* beween zero and « and gives its value at
three limits.

Here f(x)=0 for —m < x <0,

f(x)=e=for O<x <.
Let f(x)—m,—{—Z (an €OS nX-+by sin nx),

te I i) dx=n- I [(x)dx+2”I fex) dx
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=04 I & g (e —1). )
ﬂn‘—‘j_rf(x) cos nx dx

=1 r J(x) cos n¥ dv+ ! I'f(x) cos nx dx

=
1 N .

=04 I € cos nx ,i\,,__ 1+” [L" (cos nx+n sin nx)]o

=;-(—‘2+—nz) (e™ cos nm—1). - 2)

. 1 .
Similarly, ba=0+7 I e® sin nx dx
]

‘ ks
[-——-— (sin nx—n cos nx)]
{

iFm
n - -
R (e~ cos nr—1). 3
w
S fo= 5= (e'—l)»f-I z (i'-L;)S;"—"———) (cos nx—1 sin xY).

Ex. 6. Fmd a Fourier's Series for the function defined by
the equations
L for —n< x <0,

\)={ 0 x==0,
e {+I§grr 0Y< x < 7.

T_ 111
Hence prove that i~ 3+5 7+9

(Karnatak 64 ; Agra 52)
Proceeding as usual,
f(.\')=aa+; (an cos nx4-bn sin aa).
1
e L M L[ e
1
2—[

-1 dx+_[ ) dr]—— [—ertem]=0,

oy
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A= lf” S{x) cos nx dx
3
i i~
= —1 cos nx dx+—J 1.cos nx dx=0,
T J—n .4 Y

bn= 1 J’n f(x) sin nx dx
Tl

[ (] .
== [f —1sin nx dr+[ 1.sin nx dx
—r o

-

1[{cos nx1® cos nx]" 2
==y =1 .1t |== (1—cos nx).
[ " - n o nr

When 7 15 even, cos nw=1, so that b, =0,
te. by=by=b;=0  =0.
When 715 0dd, then cos nr=(—I)p=—1.
LA DL
. b..:'—l; A =5 b,vaﬂ. b""_Sw' .
/m:i» [sin x+} s 3x+1 sin Sx4...).

L3

When =5 ie.0 < x < w, then fx)=1

Hence putting x:g and f(x)=1, we get

L T B B B e 12 e T
x

Ex. 7. Find a series of sines and cosines of multiples

of x which will represent fx) in the interval —m < x <=
P, —~r<x<0

when f{x)= Anx, 0< X<

o
and hence deduce that 5=

(Agra 67 ; Sagar 63)

Let f{x) =2, 4-3 (an €S n¥+-bu sin 7x). e
3
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oo f s (nn._,i [ r’ " fe dea f; 9 dx]
5‘——[ }wx rlr]f- ’; ’{% .
:—rf S(x) cos nx dy
= Asvensmvas {7 oy cos e o]
»
- [ I 2 cas nx d\]
A of 2

‘,[cns g 1]~ 4” [(-b-1
It n be cven, then (- 1= -

ay 0, fe.ay -7 ~a,. -0,
Itndbeodd, then( 1 -t

. ! ) 1
S g ie,a- ~ 301 Ty
Sianlary we can <how that by - ‘::)_ -
" v -
so that I SO AP R

S R) s (agcos v bysin a) - e e 2 oy in 21)
elageon 3x p bosta 3 e,

- ( ! T
- jio [raemadgsiny ~i- tin

N SR . 1\
i :J,c\&n«_"jsn.‘ PN

Aptin the sty eomerpn o § { FL-m -~ 01 - fim M0}
when v ow
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Sum of the series=} [(H-g.n]:;f at x=a,

Hence putting x== in the above series, we get

= 111 1
8—16+( TrEtrEt )
w w1 11
or s—f6=2(1+3=+5‘=+ )
s
or §~*‘+§;+5—_.+

Ex. 8. Obtain Fourier's series whose sum is equal to
J(x), where

f(x)=0 —m<x< -3 f(-;):-;
Sx)=x —F<x<} f(§)=§
fx)=0 S<xgnw

Let /(x)=a0+; (@n €Os nx+by sin nx) in the interval
1
(== ).
—nf2 /2
a3 |7 S dx:;;{J‘ ® g0 dx [ pi) ax
md = —r
<
+, 10 dx]
=—1— [0-}-".",z x dx+0]=0 as x is odd function of x,
2 —xf2
1 -2
a,,=}r r_ﬁf(x) cos nY d"'=0+;j_,,12 X cos nx dx+0
as above

or a,=0. »
x cos nx is odd function and hence by Prop. V it is zero.
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1= . 1 (=/2 :
bp=- fe==0-}-~
== _”..,, (%) sin nx dx 0+- J‘—n’/Z x sin nx dx-4-0
as above

1 e " . .
=;.2 xsin nx dx . xsin nx is an even function of x

HEEE e S

_2 sin nw/2 7 COS n1r/2
Tel T T3 T n

s f(x):; by sinny v a,=0, a,=0
1

in 17 0s 1T
2; T T sin nx
H‘Il’ 1 n2 - 2" -1 ot

§ 4. Odd and even functions of x.

We have seen in the above examples that at times the
values of a, or b, come out to be zero. Below we shall
. show how the series will be purely sine or cosine series
depending on tite nature of the function being odd or even.

We know f{(x)=ay+Z (aa cos nx+ba sin nx), (—m, =),
3

where ﬂu=—‘~ r "f(X) dx,

2
=% r_"f(x) cos ne dx,
b..=;r r_"f(x) sin nx dx.
Also we know that
J;f(\') dx=0 when f(x) is odd, i.e. f{—x)=—f(x)
=2 I:f(X) when f(x) is even, Le. f(—x)=f(x).
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Sum of the series=1 [0+14r.«]=7—7—- at x=a,

8
Hence putting x=m in the above series, we get

L AR 1
§=Ts+(§+f3‘:+z‘.—se+- : )
L 11

or g 162 (1+3"2+57+"‘)

2 1 I
or = +3—5+5_+

Ex. 8. Obtain Fourier's series whose sum is equal to
f(x), where

" ki ks

f9=0  ~=<x< -3 f(—})—:~2

4 ar T\_ 7
JxX)=x —3<x <3 f(?)_i
Jx)=0 S<x<n
Let j(x):-a,,—f—; (@ €05 nx+ba sin nx) in the mterval

1

(—m ™
-, /2

B L | B T {2, 10

<
+f, 70 (lx]
l [0+I x dx+0]=0 as x is odd function of x.

T2
! ) cos nx d\'=0+l r’z x cos nx dx+0
» rf(‘ o o dnf2

as above

fn=

or an=0. .
~+ % cos nx is odd {unction and heace by Prop. V it is zero.



Fourier’s Series 235

1 (= . 1 (=2 .
b..=; j__x f(x) sin nx rix40+1—r I—x/Z x sin nx dx--0

as above

»i2 . )
= ZI x sin nx dx *7 x sin nx is an even function of x
K °

~2 (- ) o))"

[sm nn/2 ™ €08 nn/Z]
n .

S f(x)=2' bysinnx 0 @,=0, a,=0
1

sin 7 cos

57 rcos

2% 2 20 .

==X g — =\ .sin nx.
Ea n 2n

§4. Odd and even functions of x.

‘We have seen in the above examples that at times the
values of a, or b, come out to be zero. Below we shall
show how the series will be purcly sine or cosme series
depending on the nature of the function being odd or even.

We know f(x)=u,,+2l.' {an €05 nX by sin nx), (—m, ),
where n,,:%—r J’:‘f %) dx,
1 (=
an=~ J‘_nf(x) cos ax dx,

b,.;:1 j.” JUx) sin ny dx.
m)-n

Alsa we know that

J'u J(¥) dx==0 when f(x) is odd, i.e. f{~x)="—f(x)
=2 j“ (=) when f(x) is even, f.e. f{—x)=f(x).

o
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Case Y. I{(x} being an add farction of x,
ie. f(~x)=—f(x).
then f(x) cos nx 1s also odd whereas fix)smnx 1s an cven
function.

S 3y=0, 2,=0, bn=$“‘:—f(\’) sin #x dx

2w
or In == I (%) sin nx dx.
7 Jeo
w 20
Hence f(x)=2 by, sin nx, where b,.t;_" f(x) sin nx dx
1 o

2 [+
or bp== I S sin v dy,
™Jo

Case II.  f(x) being even function of x, i.e f{—x)=f(x),
then f(x) cos nx 15 also even whereas f{x) sin nx 1s odd.

1 (= 1 T
bn=0 and a‘,zz«;j_“f(x) dx=2—" 2-’.0 S(x) dx
1
or 8,,=;_J’ f(x) dx.
o
nn:lj’" S(x) cos nx dx==2 I' f(x) cos nx dx,
T) - e

M L4
o f(xy=a,4-Z a, cas ox,
1

where a,:g JW S(x) cos nx dx:g-r J(v) cos v dv.
7 Jo 7 Jo

Hence we conclude that the Fourier’s series for odd func-
tions of x in the interval {(—m, ) consists only of sine serics
whereas for even function of x it consists only of cosine
series,

Hence in future we shall not write

f(X)=ao+; (an €05 nxF-bq sin nv) in (—m, =)
1



Fourier's Series 237

L)
But f(x)=-Z by, sip nx when (x) s odd,
1
2 [
here Va—s l’ f(x) sin x v
T o
w
or {(x)=1,+F a. tos nx where f{x) is even,
1]

where %:1_1- j'n (») dx and nn:: f’: fix) cos nx dx.
rlo °

Ex.9. Prove the followmng relations for values of x
between —m and +m (it is netther zero nor an integer) :—

sitt e 2 i m sinx sin 2x 7 sint 3x
=~ S g | -2 5 e
P 2—m? " 2—m’ " 3_ppt

(Agra 64, 50 ; Rajputana 55)
We¢ know that sinmv 1san odd function of x (mis
neither zero nor an integer as in that case sin six would be
2¢r0).
hd .
S f(x)=Z by sinnx ()
1

. .2 2 (= .
where bp== J SO sinnx dx=51" sin mx sin iy dx.
mdo T Ja

Students may feel that as proved earlier in§2, the
above integral 15 zero, but 1t is not the case here as 1 is not
an jnteger whereas in that acticle m and # were assumed to
be integial,

- ly,,—-:—1 f“ {cos (m—n) x--cos (m+-n) x] dx
TJe

1 [sin (m—n) x sin (n+n) xr
T [ m—n mitn ]a
1 fsin (m—n) « 5in (m+n) «
= [ mon  m+n ]

sin (m-kn) w=sin mr coS nr4-cos nir sin nar.
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But n is an nteger and hence sin nr=0.
S sin (mtn) m=sin mx cos no=(~1)" sin mm.

b,.=1 (=D smmr [—‘—_-—l‘]
r m—n m+n

(=Dn
k4

sin mr, 2
‘mi—n*

2 —1 2 .
b1=;_ sin mx (m), b,_:; sin mn (mzizz)'

2 =3
b,:; s mmr (mz—-:’ﬂ)‘ ..
S f(x)=sin mx=5, sin x-+b, sin 2x4-by sin 3x+...

J()==sin mx

2. 1 . 2
== sin mm [P—mz sin x——zz_mg sin 2x+,JT- sin 3x,. ]

Ex. 10, When x lies between = and m is not an inte-
ger, prove that

_2 m I mcosx mcos2x mcos 3x
cos mx="smmn | g b T b s |
(Rajputana 55)
Here cos mx is an even function of x and we know that
when f(x) is an even function, then
©
Sf(x)=a,+Z as cos nx,
1
1" 1~ __1 [sin mx7*
where ay=r Iof(x) d: = L cos mx dx—n_ by
:L sin mr (m is not an integer)
m
4]
and a,.=2- j f(x) cos nv dx
7 Jo

-
=Z cos mx cos nx dx
o
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t¢r
= I cos (m—ny x-+cos (m+n) x dx
mle

1 . 2m :
= - (—1)n.sin mr. - as in above example.
ir( ) s i nmi—n* P

. _2sinme[ -1 o 2sin i 1 .
A el Sal 7y ] S miae |

2sin mgf 1 n
S f)= “[2,"1—,,~m, 008 3~z m, cos 2x

+32 cos 3x...].

z me
(b) Deduce from above that
2u

!
€Ot tim=p e

We have proved in part (a) that

cos X_Z sin m mceos x  mcos 2x
"= i 2m+ St B

mcos 3x
T T

Let us put ma=u and x=7.

. 2 w 4 CoSw  H oS 2w
S COSuU==-smiu a—
- {zu+ (1, z) u(zg__u-f)i-...}
=3
2u 2u

1
cot u= 4 +at g Proved.

Ex. 11,  Qbrain Fourier’s series in (~w, =) for

S(x)=x cos x. (Guijrat 52)
Here f{x)==x cos x is odd function of x.

o
R [65) ={7 by sin px,

2(= P 1f~
where b..=;rLf(~\’) sin nx d«\’=; I 2x cos x sin nx dx
L]
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¥
j X [sin (n+1) x+sin (n~1) x) dx
0
Integrate by parts

1 [ x {Jﬁ_(ftl)f cos (1—1) x}
= [ T
‘l{ sin (n4+1) x s (n—1) x]7*
Tkl T T =0y }]u

7‘7] _ _[)n+1 ('l)n—l
—'r[ "{ PSRl oy }]’
sin nmw==0 and cos nr=(—1)"

e 1 17 W 2n
=—(—1)? [m+;'-:j]~(—l) T

PS
Putting n==2, 3,..., we get b,, b;. . but whenn=1, then
by=00 and hence we find b, as we found by.

b‘=;21 j:f(x) sin x dx, putting n=1

20~ . | -
== xcos xsinxdx=-| xsin2x¢dx
T Jo mJo

-2

o
(%)= ;b.. sin ne=5, sin x4 z‘zb.. sin nx
£ A=

1
Ix. 12. Obtain Fourier's series for th: expansion of

o
2 .
== —} sin X+ 22(-—1)'5;% sin nx.
Pt

S(x)=x sin x in the interval —w < x < m
Hence deduce that

- ;'hs - (Agra 66,53)
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Here f(1) - v sin v is an even function of x and hence

-
f(¥) -8+ au €0y 01X o,
T

where o,

—

S de- . j’:\' sin A dv

vtocos x) ~(1)( - SI[L\)} /‘!;('r) -1

—

<

2 (e
f(\') cos ny dy - . I X sth X cos nx dx
@

{sin (2 1 1) x—sin (1 1) ¥} dx

Y{«:qs (- 1) 2 cos (n+1) \*}

n 1 - n41
smqn 1) x sin(n41) x}r.
)Y et SRR LR Lkl
(){ IJ]

n-1 n1
l {(,[)-.4_( _”nn} l)""( 1 _ .l_)
P n—1 a1 n—1""aF1
‘7
or Ay~ (— 1) (?x:l—)(‘u_—f-'l-)
As before 1f we put n—1 and then #;==% and hence

proceed  directly  putting # -1 in the original value of a,,
we gt

FREE I BELC R SR B

€ a

,,1___%_ r X sin x cos X ll.\':':l—- r x sin 2x dy= ~—l- asin Ex. 11,
mJo w Jo 2
Now putting n=2, 3....in da, we get
N A 1
RIS % S ant v U ik N SR

. f(¥)=a,+-a, cos v-&—_ i €08 ny "
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{ 1 2 2 2
=1—ycosx ) 3o pdY g 408 J.v-J 50 de...
Ex. 13, Prove shat

y(mt A s\ s 22X sm 3x
Y e AR

(Rajputana 53)

1s an odd function of x and hence

LoX(m )
Here —~

f(x) “ Ir.I sin rnx dx,

3 el 2 3
where b~ r JOysinaxda = j" A G e
Yo 7 Ja
1=
,,(;’In {(rrv—xY sin ny dr.

Integrating successively by parts, we get

"____{(",x_v,)( cosnr) (__3‘)( sin nr)

- 6\')(cosn\) - 6)(5”:,"")}0

et -3,. b= gy

inx sin2v sin3x sin4x

g '2,'+ 3 G ®

Ex. Id. Prove that for all values of x betwcen —x and m,

N 1 1.
=sin x—5 sin 2x-43 s 3.:—3 sind4x...

Here again 5 2 2 is an odd function; ., f(x)=;‘: by Sin 1Y,

(Gauhati Hon’s 65)
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when bae=™ j S(2) sin nx s I gsin AT
1 [:t,, _cosm) _.(1)(T‘L"'£ﬁ)]'w e
™ n [ N n

-r<\<'r.

Prove that if
fina

Ex. 15,
wsinh av
Dsinh an’ @i T

Here f(x) is an odd function of v
. f(\)— Y ba sin px, where by == I J(x) sin nx dx

¥ (Mo
., T sin iy dx

sinh av | 1
sin M-~ -
sinh ar

or by 2fre smhe 1
*“w ), 2 sinhan
j’ (€% sin 1y ~ ¢ sin m) dh

Y smh an
1 1 e

o sinh g (@ 40t a 51t HY—1 €OS N,

2 sinh an" (@ 4-n%) [‘ ( 05 nX)

.
—e¢% (—asin nx--n cos nr)] .
o

Put sin nr==0 and cos nr==(—I1)".

. 1 1 or .
v b""z’ﬁﬁrﬂﬁ’(@wa e (=m) (= 1y+n)
~={e= (—n) (~ r+nj}
n(—1n

= (- i v iy
2sinh ar (a’-}-n‘)'(’"" )= altni’
=2,

3
b= a,ﬂ,.bpa_w. i

sin 3x-f..

, wsinh ax_ 2
** Zsmhar a’+l= sin X ggpsn "x+nl+3'
Ex. 16. Prove that for all values of x between - and m,

weoshax 1 _acas X ,.acos 2% _a cos 3x
2simhax 2a a*+1¢ a2 at 2y 33




244 Integral Calculus
Here /(») is an even function of x and hence
J(x)=ay4 .?' ay COS nx.
where g, and o, have values wnitien before, etc

1
=57 and ap=(- ])n.;::’_’ﬁ

§ 5. Fourier’s Series for interval 0 to .

Let /(x) be a given function of x satisfying the condi-
tions laid down in § 3 1n theinterval (0, )  Then we shall
show that the function can be expanded 1n 2 sertes of sines
and cosines of multiples of x for any values of x 1n. the
above interval.

Sine series : Interval (0. =),

Let f(x)=b, sin X-+b, sin 2x+ by sin a4 .. +b, sinnx
()]
o
or JO)=Z b, sinm
n=1
In order to find the value of &s, we multiply both sides
of (1) by sin nx and integrate between 0 to 7.

. I'f(.\) sin #x dx=bn I'sm nx.sin nx dx.
.4 ’ i ’
j b, sin x stnny dx, f by s1m 2 sin nx dx ete. all
o o
vanish by § 2.
* (1—cos 2ux]
i I:f(-\') sin m dx=bn j‘n £_—2—_) tl.\'sbmg.
,.=—_3I' f(x) sin mx dx=zj'f(v) sin nv dv..
7ty 7Jo

Note. 1t may be noted that the value of b for interval
(0, =) is same as the value of by for interval (—m, m) when
J(xy was an odd function of x as proved in § 4.
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©

1(x) -2 by sin nx
1

P2 R
—l{ f f{v) sin mv } dr sin nx
tlr fo
The sum of the above series is equal to
LIRGe+0) +H(x—0)f

at every point x between 0 and ; it is equal to 0 at x=—0
and at x—m,

Cosine series. Let
f(x)=a, +a, cos A+a, cos 21 4G5 cos 3¢ {-... Haa cOS 1X

o
—a, +2 a, cos nx. N
1

In order to find @, we integrate both sides between
0to .

L4 £
j f(x) f":ﬂ,,"- dv-+0—=aym.
" 0
[ 17"
W= L fixyde-= L 1(v) dv. Q)

In order to find a,. we multiply both sides of (1) by
cos ny and integrate between the limits 0 to = and remember

14 ” x
that I cos x dv, I cos A cos nx d, I cos 2x cos m dx
0 a o

all vanish’by § 2

bl £
I S(\) cos nx dv=ay j cos? iy dx
" [}
- ¥ {1tcos 2m -
.

2 (v 2 ("
S A== I 1(x) cos nx dtt»J‘ f(v) cos mv dy,
T Jo 7T Ja
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Note. It may be noted here that the valyes of ag and
ay for interval (0, ») are same as the corresponding values
of a, and a, for mterval (—, =) when f(x) is an even func-
tion of x [§ 4].

o
S =ay+3 a, cos nx
1
Ve 320
== L ) y—;-":1 {;{ L f(v)ycos v dv} €05 nY.
The sum of the above series js & [f(x+0)4-f(x—0)] at

any point X in the above interval and it is cqual to §(40) for
x=0 and {(z—0) for x=1.

Ex. 17.  Find a series of cosines of muliples of x which
will represent log (2 sin 12‘) m the interval (0, =).
{Gauhati Hons. 67)
f(x):an-i-z:' @y COS NX=ay-+a, COS X+a, cos 2v
+ay cos 3x+. -
an=11rI:f(.v) 1/.\'=}7 f:(log 2-+log sin ;) dy

=1 {,, log 2+Im Tog sin 7 (2 dr) } where ;=1.
ks L
27, 1 _
gl 2 (Ex. 1 P. 4)=log 2~log 2=0.
log2+".2 lugz(Ex 1 P. 4)=log g
* o X
a,,zg I 'f(x) cos nx dx:gj Tog (2 sin 5_) cos nx dx.
”Jo o

Put %(:I and adjust the limits.

aam ]’"’ (log 2 sin £).cos 2nf (2 ),
i integrate by parts
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5

i [5'", “at log (2sin ¢}

k N

|
3 I s Zm

2 -1
R J sin 2nt c_n_st dr
wn J, sin
__yrn [sm @1 l_é_sln 2n—1) I] dar.
), sm 1 st
Now we know from authotr’s Integral Calculus, § 56
P. 237, that

sin mo 2sin (m—1) X sin (m—2) x
_[ sinx ;v [ m—1 ]+I sin x 4
. j‘/l sin 2n+1) x z/\'_:[z sin 2/1.\']-/2
L

sy 2n

2cos t :Il]
'

o

=12 -
_‘_"’ sin (2n- I)\(~
o sinx
or Loy =0+ Tany

Tinor==0+Tonog =0+ Iy = .. .=0+1,
2 2
where I,AI ! ::: : de »I ! dr-.f—,'

1 1
- [’xn+1+lzn~d =~ ;+g]=—ﬁf
Soae=—1, ay=—1, nsrz—g.

S S(x)=log (2 sin 'Z)———cos x—} cos 2r—5 cos 3x..

.
*Note. We have put here [sin 2nt.log (2 sin I)]n

B Y

For t==nf2 it Vnmshcs, but for 1=0 it assumes indeter-
minate form Ox . .
1
5 ! L2¢05 1
Lt-log (2sint) _eo 25in s s
>0 cosec 2nt

—2n cosec 2ni.cot 2nt

-
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— 1 (sin? 2nr.cos 1) 0
2n\sin 7.cos 2nr )
Lt 1 [sm- 2nt (~sm 7)--cos ¢ (2 sin 2nt cos 2nt). 21

T10" €0S .0 2nf—2n SN 217 St
=0.

Ex. 18, Prove that when 0 < x < =,

2
log cosec x=log 24-cos 2x+% cos 4v+. +,:, oSNt ...

]

Now log cosec x-=—log sin v.

a“r’l; J: ~log sin x dv~ _;I;‘ZJ“#Z log sin x dt

2w
tﬂ;,ilog} -~log }=log 2.

2
a,==1{ --logsm x.cos nxdyx
7 Jo

=22 [S~———'" 7 log sin x-} J’ sin ny c_’__os A d\']
” n nJe
_0+ [sm (n-H) Xy sl“_(ﬁ‘:,“ J v )
i Slfl x smx
But Iy= [gi',’} ”'] N AU A .
as in Jast question.
. Ifnis odd, then n+1 etc. arc even.
S ==t
= sin 2x -
= fa= - o xde—=0.
Iy L S dx L 2c0s X d

S ay=ag=my=...==0.
If nis even, then n4-1 ete. are odd.
sin X
I,,,,fl,_,...:-l :J’ m de=m
2
= [l..,,+l, W= [7r-f-n]:~’-’ from (1).
"

5 =3 .H.-—.,.ﬂ‘ HEE
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2
S M) —log 242 cos 2¢ % cos 4y -, 'Ilcos m

EX. 19, Find function J(x} in terms of suwes whick shall
be equal 1o x fromx U 10 v-a. equal toafrom x -ato
X-ca~a and then equal to = front v=w—a to .

(Rajputana 58)

Sxy= ~h sin e --by sin v by sin 20 4.,

b3 I JE¥) sinnv

2 A 2 (r-a
=~ I Xsinavdx+ a st m dv
Ll T Ja

2T
- f (n—x) sinnxdy
Hea

Ed
according to the definition of the function

thtL+ 1)

2
cos ny’ sin 1y sinna_a
]‘=[ ~ (f,,.';,‘) —(1) (w — )L =, tos na.

cos nxjr—e
a2
no )

=l (-2 o ()]

,—4()*{ p (*c‘og_n’(w:a))*‘sin n (rr-a)}.

n né

:——% {cos u (z—a}—cos naf.

n na

2 s sin (nx—na)
0= ;,[1‘+lz+ls]"~[ = +"“‘ﬁ‘=‘_‘]
_.2[sin na_sin nm cos na-~cos nm sin na
TRl TR ]
g[sm:m (=1 smnq]
=L n

sin nm==0 and cos sr=(—1)n,
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sin na
w hE

2
= [T—(=D~.
neven. Then (—1)n=1,

ba=0i.e, by=by=bh= ..
nodd. Then (—1)r=—]

=0.
h 4 sinna
et T
- 4 s
by=2 sing, b= n 3a
k. a

4 sin 5a
L s

47 . 1
. f(x):; sin @ sin .\'+3~, sin 3a.sin 3¢

-+ sin S5a.sin 5x4.. ]
EX. 20. Jf ¢(x)=3 when 0 < x < 4

_

3 when a < x <z—~a
=3 (r—x) when n—0 < x < =,
1
prove that 45(.\'):% [sin « sin v+§ sin 3x sin 3¢

1 . .
+:?3 sin 5z.sin 5x4-..

] (Agra 57)
A careful look at the question will show that it is same
as Q. 19 except that the function in this question is multi.
plied by % and so is the answer.

S)=0,

Ex.21. Find a series of cosines of multiples of x
which will represent f(x) in the interval (0, =) where

0 < x < =2 and f(n2)=n[¥
=2m 2 <x < w

j(\»)zq‘,+:§' {Ip COS MY,

2
where ap—== I 1(x) cos nx dx
o
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-:%Erf(a) €os ny zr'.\'~(-g r_f(x) cos nx dx

2(= sin nx 1. nr
=04= j 5 €Os v dx= [ 7 ]l —0——~S|n b
alf—l a=0, a,=3}, =0 a=—3}...
1¢= 11 1 =
Also a‘,z; L 1) dv:;L T rlx—i—; Lﬁf(x) dx
1( = 1T 1 | w
=0+ L- 3 =y ["]zfz {""2}’5'
J(X)=a,+a, cos x+a, €0 2x--a, cos 3x+..

~~—[cos x—} cos 3x44 cos 5x...].

Ex. 22. Find a series of cosutes of multiples of x, when
the function f(\) is defined as

in 0L x <}m,

fo=10 §w<x<§,
—ir ir<x<gm

In the interval (0, =),

f(r)=a‘,+2:' an cos nx,
j JUO) dx= ~Uh§ d-‘-}-ﬁ: ° d.r+j;_.~gdx]
=1l (——o)+o— (fr~§n)}:o.
an [ S(x) cos nx dx

_2 (¥ . i = g ;
_;{L 3 cos v rix+Lt 4] dx+j.§:_..3 cos ny (L\}
[{sm nx\dc (sin ny)}-

n g, L n ;-,}

2=
'3
201 . .20
T [ —3- {sln rm-sm~3}]
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-2 L "
E[sln g Fsin (nan)]

—_— nn nm ne
Ca S5 Lsin nr cos =~ — in <7
Jn[ 3 37C0S s1ar sin 3

H}% sin %’I[I«—(-—l)"].
s ur=0 and cos mr=(~—1)".
If#be even then (—1)"—1 and when n is multiple
of three, then sin’%ﬂ-o

- @n—0. e ay=a,~=a,-0.
Also Ay=0y=a,=0,
If #t be odd but not multiple of three, then

and so on.

21
T3S

Yo fx)y=ay4Xa, cos nx
cos 5v+cos Tx

=‘—f~3[cos = R B
EX. 23, Find q series of sines of muftiples of" ¥ wiuch
will represent f(x) m the iterval (0, ), where
S)=fr, 0¥ < in
r < x < im,
=i L x <7
Can you represent this funtction by a series of cosines of
multiples of x as well. Explain your answer. Draw graphis )

of these series and find the values of sue and cosine series,
(Agra 59)

when x=—3m, =-—3n and —m.
o
S(0)=X by sin nx (sine series)
i
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where by

T s nx da
-3 :
o | { —cos nY n,3 ~—Cos n\)

3 ( n A u s
1 (I-Ccs 3 eos ar— cos 3 )

[ - \)"~(Los T cusz';')]
2 it
3-[‘ 4=y —cos T+ (~ 1)"1]’
2 s (") om0 cos 27
cos ~g==cos (nrr 3) (—1)» cos 3
2 [}
or bu=gy 1H(=DF 252, 1—cos 6=2 i’ 5,
Clearly bn=0, when 2 is odd.
S b=by=b= . =0
Also when 1 1s even, but a multiple of 6 say 64, then
sm "—gzsm Aw=0, .. by=bp=., .=0.

But if » is even, but not a multiple of 6, then b, is not
2810,

2
A ”—‘:ifz 2.2 sin* izl’
2 .. 2n
b,—m.Z,Z sin® =14,

bg=}, b;y=1 and so on.
S f(xX)=sin 2x-}1 sin 4x-+-} sin 8x-+3 sin 10x+..
=22 {} sin 2v-+} sin dx43 s 8x-f5 s lo\+. 2
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Cosine series, We have already expanded the above
function in cosme series m Q. 22,

1e., f(r)f—« (cos x—3 cos 5x-+-1 cos 7x+4...).

V3
Graph of sine series. Let the series be denoted by
y=f(x). For Live values of X, 0 < x < n,
S y=n/3, 0 x < i,
y=0, ir < x < %m,
y=—4in, In<x <
For —ve values of x, when —r < x < 0, let us put
X=—=I7 [, ~—r<<—I<0
or 7>2>0 or 0<:z<m,
Y=fX)=f(—~)=~f()
—ir for —fr < x <0
for —3r <a < —1n
=4n for —m<x< —

PR

Hence the graph of sine scries 1s as under :—

ok
o
> ’--.-.

-7

IR N—
~
G

¥ F

i
The portion between —m and o Tepeats  indefinitely.
Here if x be changed into ~x, then y changes to —y, so that

there is sy ry in opy
Again we know from §5P. 246, that sum of the sine

series is equal to ¥ [f(x-+0)+f(x—-0)} at cvery point ¥
between 0 and » and it is equal to zero at x=0 and at x=w.
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Also Sl=m)=f(m)=0.

Graph of cosine scries.

In the interval O to » the graph is same as of sine scries
and also if x be changed into —x, then cos (—0) being
equal to cos 0, y does not change, so that there is symmetry
about y-anis.

Hence the graph 1s as shown below.

Y
m
: ¥3
r
27
7 T a7
T [2
t 3
i
-
¥= 5

Also we know from § 5 P. 244 that the sum of the above
series is } [/(x+0)-+/(x—0)] at any point x in the interval
(0, =) and is equal to f{+0) for x=0 and f(zr-0) for x=2.

3 (o)

=1 i
o]
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3o o]

o k3
=4 [—'3+0]:—6,
f(=m)=fm)=flz—0)=~1m.
Ex. 24, The function f(x) 1s defined as follows for the
mterval (0, =) -

f(\‘)_.fj whent 0 x i;
_:7' when } < X< in
=3 (r—x) wher S g x <o
w© P i -1
Show thar  f(x)= 6 7 i b @ l’x"g,’,zr_ ,-)r**——‘**(zu L,

The function is cxpandcd 1nto sine series and we know
that mn the mnterval (0, =),
o
J(3)=Z by sinnv,
1)

where

——-I S(x) sin na dx

ar (v
s Ixsmoax
e

.'rJ‘:: o sinnn tl\+j' 2 fr—x) sinm dx ]
n

2 A sin ny’ cos nx|in
SEREEE)-e-E )}. -5

_sin nv

.3{(,_x) (_C.‘E’—‘)_( sin s }

. ;[3 (_-— cos—.xl sin 3)-,;' (cos 3wn—f:ns )

- In

"
. A n) - cos e l* sn >y ]
f') i 3 ' 3
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2’?:2 [sm = +sin (nrr-v%’f)]

-i sin —~+sm e c0s 2 —cos i sin OF

i 3 3
\i sin “3” (1)1

ba=0, when n 15 even i e by=b,=b;=...=0

When # 15 odd say 2k—1, where k=1, 2, 3.. .00, then

6 sin (2k—1) /3
b, sin 2h ~1) 3 @)= W
S f(X)=2bq sin nx.

S (== %‘ﬂ%:ll—;:ﬁ s (2h—1) x.

3
" k=1

Ex. 25, Fmd a coswne as well as swe Series of multiples
of x, when function 1s defined as

0 0&\< )
S)= 2

7;<.\'<1r

[NIE]

‘We have already found the cosine series in Q. 21 P, 250.
Below we find the sime series.

IT the function is expanded in sine, serics then

} f(\)»“‘b sin ax,

where b= ‘1! J(x) sin nx dx=0 :«J"‘

__[cos"n\]w/2
or _—-{(—l)n—cn§"”}-
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b= (=1-0)=1, b=—} (14 )=~1
by=— i {~1-0}=4,
=3 (1=D=0, b=~} (~1-0)={ etc.
f(A)=sin x—sin 2x-¢ } sin 3x+} sin Sx..,

N\ 260 If f)=x  for 0<x< ’,’

J@A)=n—x for g rgm

Lapand the above function ina sme series and also m
cosine series. (Agra 42)
Hence deduce that
«? 1
3= H-ﬁ# gz+ .
o
Sinc scries. f(.\')&f’lr,. sinnv

2fr
2 —,:j. J(x) s nx dx
wle

12
22 xsin na da +-(‘ {r~2)sinm (Ir]
o w2

T

- ,2,[{ x ( cos u\') M (__EL,I,F,L\)}:'
+{ (fr-x) __cos u\) ( sl:’nx)}'u]
gy

ar a1 onm ( S 4
2 cos B, sin ] + cns - e Sin
: [ 5o SO T Ty 3 2 2

4 . onr
= sing.
nt 2

I n be even, then ba =0 fe, by=by—.

& Rt ).

4
1€ n be odd, then ivr—» Lok = (=1 b
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4 1
f(x):;_ [sm Y=g sin 3\+§ sin 5x.. ]

Deduction. If we put x—i, then the sum of the senes 15

2P Aiollafi (55

7 _34an? —s LAY s
3= |t o~5 m2+51 n ...

u—Y

)

1
g ,[l+3=+55+.‘.]‘

@
Cosine serics.  f(x)=a,4-2 a,, cos nx.
1

ay fpw o=l [ s [l o as]eg.
L S(x) cos nx dx

or

-

—

j X cos nx dx= j_ {m—x) cos nx d.t]
? iz

{J\ sin mx (‘) cos‘nx }!ﬁ

n

sin nx cos nx\1=
oot (-2)F]
2fx . ow 1 nw
=7 1350 T+ cos-j-—l
+(0—;’7 sin 2) l%(cosmr—cps 1_12_7_1)]
rl' [ cus—-——{l-,—(—l)-;]

When n is odd, then cos %’—':0 and (— ()= —~1,

[

2
T
2
kS
3
£

=0, fe, dy=ap=, .20,
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Again when 15 even but multiple of 4 say 44, then
cos ”2—”.:cos 2hn=1

an=0, i.e. ay=ay=...=0
Agam when s —even but not muluplc of four, then
(In/ [’*2 2]~ *‘ﬂ’l:
81 g1 g 1
I L = T
7 8 fcos2x cos 6x cos 10¢
ORI LR R

Ex. 27, Find a series of sines of multiples of x which
will represent f{x) in the interval (0, =)
= &

, @), where f(x)=0,
0 < x < a)2, flr/2y=n[4, f()=7/2, 7]2 < x < 7. fim)=0.

(Rajputana 68)
fo= 2 by sin nx, where bp==- I J(x) sin nx dx

or [y,,=;r U Sx) sin nx d.\'+j _J(x) sinnx {Iv]
o
2 = o . ___feos m ™
== [0—}-"}]1 5 s nx rix].- [—" ],_.
1 nr_.
=z cos 5 osnm .

If 11 15 0dd, then cos nr=—1 and cos 5-=0

i
3o b=
by=1, by=1, by=}..

If 1 is even and multiple of 4, then nf2 is cven and
cos (2km)=1; bp=0, ie. by=by=by=...=

= 0.
If 1115 even but not a multiple of 4, then cos nw=1 and

cos '2—"~;cos (odd my=—1;

1 2
b,.=’—!(—l—-1)=-ﬁ-
o by=—4, by=—4, byo=

—+% and so on.
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f(x)==b, s1n x+b, sin 2v4-by sin 3v 48 sin 4ot L
i 2v+3 sin 31+ sim 5v—2 sin 6w
41 sin 7v £ sin 9x— % s 10v-. .

Sum of the series when x—m/2 is
L[240+ f(m/2—0)=1) (x]2+0) —m/4.
wfd=1-04+4 (- D+1 (L 041 (-1}, .

or wid=1—}+5i—1+
Ex. 28. Fmd a series of sines of multiples of ¥ which

will represent f{x) in the interval (0, =), where
"

== 0]
=fr-n.F<vm
Also find the series of cosines of multiples of x.
Sine series f(x):?‘ by sin m
h,.cg j‘ JEx) sin nx dy
U S(x) sin nx d\+j S() sin ny ll.\']
=

J- T * sin ne d\-—#—J‘ 23 T (w—x).sin nx 1/\'] )

. _cosn\ a smn\ 12
{‘( . )COS n(\ )}“ sin m\l=
e ‘>( 25 -en (-5

! [{—l cos 1T =5 +1~,, s'm""}

FNE ]
——
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<! ! 1
As0 b= .1, by (- 1), by=gz-1.
1
S(¥)=sm Yo g sm 3.\'+§ sin Sv—;lﬁ sin Tx+. ..
Graph of sine series.
For J-ive values of x, 0 << x < =
yrg vfor @ € x < %,y:: {(r—x) for% L v
For —ive values of x when —ax << X < 0, Ict us put
X=—z, [, —r < —1<0o0rr>:>00r0< <
we have
r=AA)=A—5)=—f12)
yvmﬁx for *g Lrxg0

c - T

and ¥~ ’z(ﬂl.‘) far —m = X g >

If \ be changed mto —x, y changes to —» so that there

is symmetry in oppositc quadrants,
— to = repeats indefinstely on either side.

The portron between

©
Cosine series. fiY)—a, -'—.‘,‘ ap COS NY.
2
1 I Sy = [I ! :\’dr‘-vf 24 (n—-r) d.r]

_3{_; [{z }:/‘*{"'E}:n] %

2 2axx r (r—x) "
ﬂ_‘( -A—cmll\'t/"-%' ™ —y cos nr dv
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2 wf[. (sinax cos ny\}T/¢
A (e =)
s ny cos nx\1*
+{(w~\) ~en (=)
—;1 stn 2 + (cos —2——1 )+(0~2— s ’-'2’-')

—(1; cos mryl—, €os '—'ir)]
nt n? 2

:—; [2,, cos 27 ,,(l+(~—1)")]

s
If n is odd, then clearly da=0, .. ay=a3=a,=...=0
If 1 is even but multiple of 4, then
cos W —cos (even m)=1

)y

7
12 2

- ""=2[,7§*,7:]-°-

o agmay=dp=. .. =0,

If 1 is even but not multiple of 4 say 2, 6, 10..., then

;is odd, so that cos 1T—=cos (odd m=—1

2
B 5 a+]-

S Gg= G A==, Q=

{
R A o7 % LAY e
5 f()=agtay cos ¥4a, cos 2. ..
P cos 2x cos v cos 10 x

kﬁ—Z( +E 2 +,)
Graph, As discussed before, here the graph will be
symmetrical about y-axis because if we change x into -—v,

» does not change. cos (—8)=cos 4.
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Ex. 29. Find a series of (@) sines of nudeiples of x,
(b) cosine of multiples of x which will represent X in the
interval 0 < x < = Show by agraph the nature of the series
Jor all values of x. (Rajputana 56)

o
Sine Series f(x)=2Z b, sin nx.
I
h,,fg'!‘ f(x) sin nx n'v—/g.(”.\' sin ny dv
7)o 7Jo

",‘2, [.r (_cosn”r )_(1) (‘S'::”r)]:

. 27 _2 41
Tan -t “n -

R

S S(x)=2{sin x -} sin 2y~ fsin 3r—} s v, ]
In the interval 0 to =, the graph is given by y—r.
Agam if m < x < 2n. suppose x—2x—x', so that
< ¥ <.
Series =2 [sin 2w~ ")~ 5in (Ar~2¥) . .}
=2 [sin ¥’ ~} sin 2’ +} sin 3x"...)
=X =x—12n,
so that p is —ive when = < X < 2m,
Again if il 2r < ¢ < 3w, suppose v~2m 1% so that
D< Y <o
Series=2 [sin (2r+¥)—1 sin @r+2v)...]
=2 [sin ¥~} sin 2¢"...]
=X"=x—2m,

so that 1 is ive when 27 < ¥ < 3.

Also if x be changed into —x, y changes to ¥, 5o that
there is symmefry in opposite quadrants : hence the graph of
the curve is as shown below :—

i 4 g
7 3
: :
IR C S (Y AP
} }
. .
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Cosine Series.  f(x)=a,- “a.. €os nx,

u,‘=~j f(\)rl\“—-j .\‘d\—» 2: ’2'

a,.:’;’j' J(x) cos nx dx= .L ¥ cos sre dy
L2 . sinnx cosm\1*_2 1 -
=3[ () -2 L e

Ir 1 be even, then a, =0 @ ay=ay—. 0.

11 n be odd, then (In'i."{,_,.( -2)-- -3-.'%2
f(\')~'- - [cm \'J—;«, cos 3\-«;._ cos 5S¢, ]
At A~ 0, the sum of the cosine serics xsf( +0)—0.
0=3~ :[1 ; 3‘.+5‘=+ ] or Ty - 1+‘ 5‘

Here the symmetry will be about j-axis. Hence the

graph of the series 15 as shown below @

0‘ " X

Lx.30. Uf <5 < x < show that

wed (sinx- 2 2N

” .
Let 7 -5.x. so that when v varies from —3 10 =, =

varies from 0 to =,

«
S Letzea,t -;- @ 05 12 in the interval (0. =).
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L} RS {
2 37|08 24 5 cos J:As:cm5:‘., ]
by Q. 29].
Now replace = hy Tiv

. €0S To-—sin ¥, cos 3z—sin 3v, cos Sz=-sin 5=,
. 4 . t
S 54-.r~2~ —;[‘sm.\' Yqr sin 3r—§'; smSv+. .. }
or A 4 [sm \'—~ sin 3v4 ! sin Sv—
3 5t or
Ex. 3L If the function defined by y—+* from 0 to 5

and by y~0 from3 1o m be represented by the series of sines

2
af multiplies of x, show /Im/ coefficient of sin ne s
4 _ = 2 n:_ 4
cos =+ s —=——.
(ﬂn“ 2n) 0s - 2 + ST

kd

To what value does the series converge at the point x= 3

Sketeh the graph of the finction represented by the series
Sfor values of x not restricted to lie betnween 0 and #, and also
indicate the graph of the cosine series which represents the
same function m the interval 0 to m. (Agra 60)

=¥ 0<x <Fif=07<x<m
Let f(.\')s; by, sin ny, where h..:;j J6) sin nxe dv
1 0

{2 .
or [’n‘:% j' x? sin nx dx+0 by the definition of the function
0

::5 [x'*( cos nx) —Qy )( sin m\) 2 (cos m)]"
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2 o i 2 nw
.—,;r[ ﬁcos 3 a2 2’—? sin T 2 + (cos —f—l)].

b 4 = ¢ 2 .onm 4
i Pl ) R T+E§ ST

where by, is the coefficient of sin nx.
Again we know from § 5 P. 244 that the series converges
to } {f{x+0)+f(x -0)] at cvery point t between 0 and =.

., 1 [at
Sum at vz s, [0+(2) ]

f(;+0):0 by definion.

=g

In the nterval (0, =) the function represents a parabola

r=xL0<x<; and the line y=0, i.e. axis of x, 5 T<x<m

H
i
:
LR
H

- 7 7
. ™ 5w
Note. Treat the part of x-axis between 3 to o and 5
to 3 as black and similarly on the —ive side forming part
of the graph.
Again if 7 < x < 3n/2, let x==2r—\',
so that a2 < X' <
Then the series 15 zero (given) so that y==0.

I 3—’5 < X < 2m, let X==2w~x', so that 0 < ¢’ < g
chlacc x by 2ax, ie. sinx by —sin ¥, sin 2x by
—sin 2x’ and so on, so that the series becomes
—X2e—(2r—X)2, . yv:-—(Zn~x)’ (parabolic),
“ X2=Zby sin nx,

Again if 27 < v < 52, let w== 2¢r+\' so that 0 < x /»2.
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) Replacing 2 by 274V, ie. sin x by sin 2r+x7), i e,
sin x” and so on, the series becomes ™==(x—2r)%, [t
»—(¥—2m)* (parabolic)

. 5
Again xf—zf < ¥ < 3m, let x—2n4-¥", so that ;<.\"<1r

and by definition, series=0. 1e y=0

Again we know that in the case of sine series there is
symmetry in opposite quadrants,  Hence the graph is as
shown,

Graph of cosine serics.

In the interval O to m, the graph is given by y=x2,
0<v<r2and y=0, 72 <x < m

Againif 7 < v < 3—23 let x=2m--\’, 50 that ’2' <x<
then y~=0

1 §21 < x < 2n, let x=2m—x',s0 that 0 < &' < ’2'; then

cos x=cos (2z— ¥')=c0s &', cos 2x=cos {47 —2x"y=c0s 2v,
so that the cosine series does not change, i e. ¥=, =2 —x)*
(parabolic).

W2e < x < —5{-" let x==2m+x", so that 0 < " < g

Here also cosine series does not change 1f x be replaced

by 2m+x". .
pe¥t=(y—2m)? (parabolic).

b3 521 < v < 3m, let ¥v=2m42", 50 thmZZ' <<

Cosine series does not change and y=0by definttion and

50 on.
Also we know that in cosine series  the symmetry

is about axis of y  Hence the graph of cosine series is a8
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shown below .

. \U. N

20 E3
7

e

5
Y

Note. Treat the part of x-atis between 3 ooz

%%1 to 3m as black and simlarly on —ive side ooy perp

e fermong

of the graph,
Ex. 32. Expand e in a series of r=ltizier of z,
0 < x < =, and examine the series obtained.

@
= ‘;’ bn sin nx,

where
z x
ba=> L € sin nx v’ [ﬂ—%, ferepon nz)]'
2
=z ", [I-—(—l)“ [t A L T

Also from§ 7p_22¢ o ol
232, R Tnoy shyr L £
wromtana TP LB0W St gum of thr 57
In the interval (g, 25 g2 4, is given &7
F=gs gad B I .
Wn<x<tntny oz Lo there < (.
sin x=sin (2:—x;.¥...,‘- 2 324 yim 2z =
0n 30 that yo= —gar r,, ” -
ety gr 5

=7 0.
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Similarly if 2r < x < 3m, then put x=2r4x" so that
0< X < .
Also sin x=sin x*, sin 2x=sin 2x", so that
Y= ¢ =2y,

We have shown that at x==0, , 2. .., sum of the series
18 Zero.

Also we know that sine seres 1s symmetrical in opposite
quadrants

Therefore the graph of the series 1s as under *

\

ceeennd Ll

A\

W

N
ot
N

Ex. 33. Given that F(x) is an odd function of x. equal
1o x in the imterval (0, 'g) and equal to (;— ) mn the inter-
val Z,{. n) ;. expand F(x) in a Fourier's series valid for the
wterral (—m, ).

Draw a graph of the sum y of the series for the intenal
(Rajputana 51)

(—3n, 3m).
"
F(x)-=x, 0<a<,
“Iox f<x<m

Since F(x) is an odd function of x and hence by
§ 4 P, 235 the scries will be a sine series.
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@
s Fx)=2% by sin nx,
i

where bp== I F(x) sin nx dx

2

”

i [L ~sin Ha {l\+L (§~.\‘) sin nx dx
2 €os ln stn n\ in

=2 ()0 ()

+{ — _c_:gs n\:) (-5 ( sin ”‘)};-]

- nw l i
[ 35 €08 3 T sin 2 +T cos /m+ 5 sin -—]

z
2 kg il COS ———C€O0S
P I T 5 —eos it

“

1

p
J.00 ¥

21 s oM nm mn 3nm o onm
=n [2.5m 2geos 5. .28 - 5 sin ~—]
2
:; 15 [4 cos T,;hmr sm:.!—?] sin !;-"

1 Ina
F(\')_ - «, i [4 cos T-—nn— sin —4—] sin —4— sin nx,
In the interval (0, =), the graph represents the lines
y-% =A<}

" -

and y=3—% 3 < x <,

Now we shall consider other values of x.
Ife<x< -3,-,—, put x=2r—x', so that er < X < 7w

Then F(x) becomes —F(x'),

oosinxzssin Qr—x')— - sin &’
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or y:——[;—x']— ZTT———TZW \’=:;—"—\.

377
it 7 < X< 2m put x=27—X, so that0 < ¥’ <g

and p=—x' as F(x) becomes —I(x) or y=x-~2m.

H2r< <5 i' let x=2nr+x", 50 that 0 < x" <,1;r.
Also sin x=sm 2r+1")=smr x".
~. F(x) remans unchanged.

S y=aT=x—2m,

1f ‘—521’ < X < 37 let x==2m+x", so that 'i'< <

’I_y:"i'_(,p_g,,):%’_'__\

y=3

Simlarly we may consider the interval on the other

side ; but in sine series we know that there is always sym-

metry 1n opposite quadrants. Hence the graph 1s as shown
below. Clearly the points of disconlinuity are

v—;&z, +m :{:—2—. i‘f, +3m

ANJIZEN

Ex. 34. Show rhat

2 . 4 6
g cos x=7"3 sin .7.\'+3.5 sin 4-V’rﬁ sin 6X+...
n .y
e sint 20¥F
Ry ¥ SR )
and examine what is the sum of the series Sfor other ralues of

x. Show by a graph the nuture af the series.
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J " J(x) sinnx dx
o

w
zcosx =.l!: b s1n nx, where by —

3o

2
OF bn==)" < cos v.simma da
LB P ]

:lr fsin (nr 1) a4sn(n—1) x}dx
L3

1T cos(n—1)x cos (n+1)x=

“a [' S "A'nTl_]a

_IT cos n=1) m—~1 cos (n+1) =1
4[ n—1 T Ayl T
1
=i

I P B
A taTif e tasy) cos
Wocos (4. 1) mo-cos s cos md-sin i sin

= ~—COS Hir
! 2 S (14005 Br)= s [ (~ 1)),
ey 2 (n*-— [}]
If n be odd, then (—I)*=—1.

ba=-0. ie. b=by=b=.. =0,
If n be even, then (—I)*=1.
b L n .
=3 m-0" (u—l) ()
b= 2 b= —4— be=5— and s
=13 0=y 5%5 3 0 on.
T cos x= 2 s 2v+ — sin 4\'-{-—6— sm 64~
P 1.3 3.5 5.7 o
The general term, when n=even=24, say, is

2% N
@=D @

If m << & < 2m, put X=2r—x'; 0< x' <= and

sin x==sin (2w —x’)=—sin X’, s1n 2x==—sin 2%’ and so on.
. f(X) becomes -—f(x')=~“

L
7 €08 x’:-—z 08 (2r—x)
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= "COS X
3 X,

'4—":(:05 Y
Y=-3

If 27 < A < 3m, put x=2r42", so that 0 < " < .
Here sin v=smn " and so on,

/(x) becomes f(v* ):— cos A" ‘_1 cos (x—2m).
v=7 cos x
r=3 X
Similarly, if 3r < x < 4w, then putting A=dr—1", so
that 0 < x™ < , stn x=—sin x” and so on.
=T . —x)=—7
§) 3 08 ¥ 3 ¢os (4r—x) - 3 608 v
Also we know that in the case of sine series there s
symmetry in opposite quadrants.

> 4when x=0; y=0, when x= 53

and y:z cos x when 0 < A < m,

-
~3 when A==,

Y w3

NN N N
NN g

Ex. 35, Show that if 0 < x < m, then

1 cos2x cos4x cos 6%

3”” ¥=3=TF T35 57T

Show by graph the nature of series for all values of x.

T’; sin x when expanded in cosines of multiples of x.
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w0
:au-\—z.‘ @p COS nY

where a,=-= j Jx)== J’ sin x dx=-—} [cos x].:
o
——{(-9=
a =2J'= J(x) cos ny d\:gf T sin x cos nx dx
n=z ), IO =x1], 3 x. 3

J‘: [sin (#-+1) x—sin (n—1) x) dx
[cos (n~—-l) x_cos (n+1) x]

n4-1 »
08 (n—-l) w—1_cos (1) 7r-—l]
_—’7z~l a1

A1 + ! 1)cosn
ntl a—1 (n+1 n—1 m

€08 (#: 1)m==—cos nr as1n last question

-

[l

Blm Bim B

,_.,,—_,

I

1

1
=3 [H—cos =gy HHE DY
If n be odd, then (—1)P=—1 i.e, @a==0.
G=a;=ay=...=0
If n be even, then (— Hr=1,
e O VI O 2 3
SRS SRS SRS |
=TTy ATy 4T 5y
- :«; sin x=%-—flf3 cos 2,\'—3l cos 4x—5—17 ©os 6¢—, ,
Againe < x < 2mlet x=2r—x'sothat 0 < x’ < w ;
then cos 2¥=cos (dn—2x")=cos 2x’ so that f(x) becomes

N T in T G e T
X ie. y=gsin X 3 sin 2r—2a) 7 Sin v
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If 2r < x < 37, Jet x=2m4-X" 50 that 0 << A" << 1.

Also  cos 2x=cos (4n+21")=cos 2x" 50 that f(x) be-
"

4

MW3r < X < 4m, let x=dr—x"so that 0 < X" < m.

comes f(x") i.e. y= sin x"=% sin (x—2n)=g sin ¢

Also  cos 2x=cos (8=—21"")=cos 2" re. f(x) be-

comes f(x"') 1.e. y=2 sma"=7 sin Gr—Y=—2 smx
3 P 3
and so on

Again we know that the graph of cosine series 1s
symmetrical about y-axis.

Hence the graph of the senies 1s as shown below *

T

-zn g{_t ) 7 7 _yIn 27
ry
§ 6. Fourier’s Series in the interval (0, 2m).
To prove that
o
S(x) ==y 42 (dn £05 1X+ by 510 1Y) ()]
[

1 e
where =5 L flx) dx.
=2 j:”ﬂ.\) cos nx d, ba=s L"f(x) sin v dx.

In order to find g,, we integrate both sides of (1) within

himits O to 2=,
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2w 2w o« 2t
I vy dy “'ﬂnj- AN {a,. j cos m 1’\'}
o o "=l 0

bt 2w
R {lr,l f sin oy dh
ne=i o

or r' f(\)dr gy 2m- 010 by§ 14
o
[ 1 [
woamg[Twae [T ma o

Again m order to find @a, we multiply both sides of (1)
by cos nx and mtegrate between the Iimits 0 to 27

" I:' S(}) cos nydy
o
£14 o 2w
- a, I cosmudy- I [n,. I cos* ny tl\]
n nw=l o
@y can
+ F [ib"j‘ sin 2nx d.\‘]
n=1 °
~0+as.m+0by & 1'2and 15,
1 (2r i
e = I J(x) cos ¥ dx =~ I f(¥) cos nv ofv. (B
*Jo o

Simularly to find ba, we multiply both sides of (1) by
sin ax and integrate within limits 0 to 2m.

I" S(x) smonx dx
o
o hd :11
::"“I sinny dv+ 2 [n. j 3 sin 2ux (Ix]
0 el 0 27
+Z [b,. j:' sin® nyx rlx]
1 L]
=04-0+by.7r.

S Iz,.—:t: Y: () sinax (i\‘—:_’l»r I:‘: J@ sinmede. .. .(4)
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=
Hence f(x)=a0+2l:' (an €03 nx+ by 510 hx),
whete @, aa, bn have values written above in (2), (3)
and (4).
The sum of the above series is} {f(x+0)+f(x—0)] at
every point X between 0 and 2 and is £ [{(Zr—0)4-1(+0)]
at X==0 and x=27,

Particular Case,

We know that cos (2nm—8)==cos ¢ o
and sin Qnr—0)——sinf [ o
Case I {(Zn—x)=1(x). (2

Then, nrj—r Iz_ f(x) sin nx
12
=‘I f(2n—x) sm (2Znm—nx), by Prop. IV
Tdo
i.e. J:f(x) dx:K Jla—x) dv

2=
or b,.=—}rj f(x) sin v by (1) and (2)==—bn.
o
2b,=0 or ba=0.
Hence in thiscase the series will reduce toa cosine
series,
o
ie. J(x)=ay+ {J Qn COS NX.
Case 1. (2w —x)=—{(X). (3
1 (2= 1 {2+
= = —~x) dx
Then, a““zﬂj: S(x)dx 5 L J@n—x) d
1 f2= .
or ag= g [T S by =t

23,=50 or a,=0.
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Similarly asin case I by the help of relation (1), we
can show that @,=0 and hence in this case the series will
reduce to purely sine series,

P
ie, J(X)=Z by sin
1

In general, if 2 < ¥ L 2y,
ie. length of interval is 2, then

S =a,+ E (@n co8 nx+ba sin 1Y),

where 21” " fey v,
”":-:17 r -f(x) cos na dv
z
and nzl ﬂl"'th(x) sm v dv,
T Ja

Ex. 36. Piove that the series
[sm V+xm 2\_4_:1:133.\'4_ . ]

represents (w—x) in the interval 0 < x < 2m.

Here f(x)=(m—x)
and fer—)=n—Rr—X)=—r+X=—(r~—X),
ie. SJ@r—2)=—f(x)

and hence the series will be a sine series.

o
f(.\‘)=.:_‘ hu sin nv dv,

o [ ‘
where i-,.:}r J. JQ) sin m d,\‘-:%". (m—x) sin nx dx
L] . L3

—;% [(ﬂ——x) (,m_s';'fi) —(=1) ( sin nr)]:«
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::; [,!' {~n (—cos 2nm)—m (—1))]
1
r {cos 2nr+1)= : o €os 2wl

. ~5 by 56—
fQ0) ~(m--v)—2 [sin x+4 sin 2x +} sin 3y~ L]
Also the sum of series when x=0 or 27 1s
}fQ2n—0)+/(+0)]
=4 {(z—2m)+(r -0)]=0.
Ex. 37. Prove that f 0 < x < 2m,
w cosha(m—x) 1 cosx cos2x cos3x
% sinhan I AR DBTERRTETE
Now
cosh a {x—(2r—x)}=cosh a (—~m-+X)==cosh a (7 --x)},
cosh (—6)=cosh 6,
SQa—x)=/(x)

and hence 1 this casc the series will be a cossne series.

o
S(X)=a, +.‘.‘ an COS 11X,

sinh an

al 2= h —_
:i J‘Z f() de= J’ m cosha(r x)d
2n )o
1 [sinh a (31;‘2]2—
~4asinh ar ~a A
*———‘_l i — —si .
T [sinh (—an)—sinh an]
But sinh (—0)=—sinh .

L (—2sinhan 22%

0™ " foE Sinh an

a,,=l fZTf(.r) cos nx dx
o
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1x (00 (%=2) 4 o-8(P=7)
I { 3 }cos nx dx

1 2
- v oot Pt ¢
mjﬂ ("™ .€797 cos ny+e78Y . ¢%7 cos nx) dy

v smh anr

1 1
e [c" e~ (- @ COS X — SIN #Y)

“dasinh an'a t-ns
27

--€78% %% (@ COS Ny 41 sin nx)]

0

Now sin 2ar=0, cos 2ur—1.
. 1 - 2

So Q= m"“") [[eo7 .e=2%a, (—a)4-e~% .e"¢ (a)}
' —{emr . 3. (-—a)+e~o" 1.(a)})]

____l ~a
“3asinh an . (a®--n%) [2a (enr —e=em)]

1 _ 1
“dasinh an . (@ +7) (22 2 sinh ar] = at-+-n¥

i 1 1
“l’m‘ ﬂ:»“-——?- ﬂy—aﬁ-f— .

. ’ cosx  cos2x cos3x
RS s e e Mg T i Ll
Ex. 38, Show that if 0 < x < 2,

7 suha(m—x)_sinx +2 sin 2x
2'7 smhar @I 2422

+..

sinh a [ --(2r—x)]=sinh a (—m-+x) sinh (—;l (m—X)}
=-—sinh a (r—x},
fe. S)=—F)

and hence in this case the series will be a sine secies.

w0
S J(X)=T by sinnv,
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where
1 (2=
b= ~5 S0 sinnx dx
mJy

1 - 27 QAW =7} _ pma(w 1)
“m'2sinh an 2

sin nx dx

1 2~
~=m .L €0F ,g70% o2 g XY —@"BY 02 g1 py dy

1 1

e v oo (— - ¢
4 Sinhar ST [(e“ <079 (—a SN nx— 1 oS 1y}

2-
—e7"T ¢82 (g sin nx—n cosnr)]
L]

€97 om0 (—pp)—gmo¥ o27a (_p)j]

1
4sinh an. (a2 L) [t
e L {—m—est.1 (—m))
n
=F SR am (avgn [T RET e
= g5ih @ 2 €7 e
" __n
R M'(nz;;ﬁ).(z.z sinh mr)-‘"———-\.*_nl‘

1 2 3 .. T
S h‘:m"b’:a’+2" b,=“=+3:. s f(x)=as given,

§ 6. Miscellancous forms.

Fourier’s Series for interval (—1, 1).

We are to find a Fourier’s series for a given function of
x defined in the interval (—I, —I) subject to conditions laid

in § 2 P. 220.
Let us suppose -=1L]":, so that as x varies from —/to /.

»varies from —x to =, Also f(¥)=/ (’,T)‘)=r()') say.



Fourier’s Series
Now we know that 1 the interval (—m. ),

0
F(y)=a,+ Z‘.’ (an cos ny-+-by sin ny),
= 1=
where H“S%r[_- F() d)”ﬂ ‘L_. f(b) dy,
Put y=T3 I , Qe dya;—' dx and adjust the limts.

l i
nuz%r 'r J ;5 dx=3 L Jexy da

Similarly, a..:lI J(x) cos (’”x) dx
and bnn;j fx) sm( ) dx.

Hence  f(x)=ay+ 2 (a,. cos T-,—b,. sin ";’ )

283

Note. If you compare the values of @y, @n, ba with those
Jor interval (—=, w), you will observe a similarity, fe.,
instead of m, we have | and angle nx with every cos or sin Is

to be replaced by "'li\

Similarly the above series is 3 [fx-+0)+f(x—0)] at
every point x between —f to fand 15 3 LfUU—0)-+f (—1+0)]

for x=—/ and x==I and it is periodic whose period is 2/.

Particular case. Range (0, ).

. .
Sine Series. f(")=2 ba sin H'IQ’

where Pa=7 j'f(\') sin 2 B * dx.

Cosine Series. f(x)——af}— 5 dn COS '-7’3

where a,.~_»j f(x) cos "ﬂ dx.
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and Gp= IJ j‘: S d.

Compare the above results with the corresponding results
for range (0, =)
Ex. 39. Show that the series ;‘:(:m 7~’l'~f+g‘ sin 3;'_"‘4- .. )
isequal to 1 when 0 < x « |,
Here the wterval 1s (0, /) and f(x)=1.
Sme sertes 15 f(¥)=1=3b, sin ”‘J’_"’,
{1
where b,.:%[ f(x) sin "T”"}' de
o
20 . nmx 2(-7 nex]t
= L 1 sin T a'.rvl— (’;) [cos 7 1
2 2 .
=— = |cos 71n~l]:,,; [1—(—1n"

Wkhen n is even, then (—1)o=1 ;
ba=0. ie., by=b=...70

4
and when o is odd, then (~[)r=—1. .~ fu=p=

4 4 4
b=, hy=12s b5=§;,
. omx . 3m . Swy
(5 =; [smtl~+;-} sin —[——H sin - ]

En. 40.  [ffix)=kx when 0 < x < 1/2,
=k (I-x) when 2 < x <]

prove that . ; Lomx
3 s 2mx oy 1 107x ]
f"‘)=§“’*ii=l[§”zm-”::‘+a=“‘7 g Tt

In the interval (0, 1),
bt nay
f(r)—h«ao.y.?’a,. cos g
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1 e I LA
where ”"—71‘ Jx) dx:TUo kx d,\+] k(@—x) dx]
1
T

= [k.’f+k1.’-—k. %)]f1 M a—sj=tu
ay.:»J f(x) cos - dvﬁ-% U:z hx S8 Imrx dx

! e r)Mdv]
123
24 ! nmx I nex
T [{ * (n s —) a (n%r- I )}‘,
nx’ nrex\1*
4 (I--x) (—— sin —l—)——(fl) ( prome —— €OS A—l—)}m]
2% e P nm
T [{2"" sin 5t s (cos 51 )}
0 I ne_ I nm
T ~dnm s = (COS nw—Cos 7

24
=T [2 cos »2-—cos nr—1 ]

nodd. cos '—’2’—':0, cos re——1. . an=0.
ay=ay—as=...=0,
n even but multiple of four=4r say,
n
cos %—rzcos 2rm=1, cos na==cos 4rw=
an=0; . a=ag—ap=...=0.
1 even but not muluple of four=4r+-2 say.

nm
cos =p==cos (2r-+1) r——1 and cos w21,

"-—-—"[’ (—1— l—l]:——% for n=2, 6, 10...

—8kI 1 ' —ghl 1
L L e P
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Al 8k
- e ,,_-8_’[2: 2"_*+_ os B4 Lo 00,

16*
Ex.41. If f(x):;,—.\', nwhen 0 < x < ;
=x—3 when lj2 < x < 1,
prove that
f(\')—— (ras fj—#% cos 67Lx+1— co. —-_10“4- )
In the interval (0, /), f(x) when expanded in cosine
. % nnx
series is a|,+.|, ap COS 7

an;-} jlf(x) ,],,:![f"z(é,x) d.r+-,:: =3 dx]
“illa24)a (a2 (-2l

1 —144—1—64-3]=0.

> ol

1

-1

2 j f(x) cos an dx

Lg (g—x) cos '-'Z'L d\'+J’ (x—37) cos ”7—" dx]

i o - e )
o1 (L sin 2) -0 ~5z50 o8 =]

:Z H i n]rr Sin"_zf'r n*lz‘ (co !‘23_’)}

+{__ L osin ,,,,+_ —sinz )+?— (cus nn—cos -2—)}]

[l+cos nw—2 cos —2—]

2o

i

1
2
1
2
7

b

ﬂn"—":-.

7 nie



Fourier's Series 237

’)I 1
= [2 cos —2——-cos nw-- ]

Now arguing as n last question,

ay=a,=as=. .=0and a;=ay=a,,=0.
I I e Y
R e e A T3k
3 -4 21} a
To= = [P =25 and so on,

2rx 6ma 1 l()n.\‘
f)=75, [005 T+3; ¢os T+5. 7 ]

Ex. 2. Prove that é-xJ ):l sin Z";'V 0<x<l
Sx)= 2 by, sin "—’;f

where  bo=5 I J(x) sin 5'—’5 (Iv__2'[ (v-—x) sin "_"_‘f dx
2741 l_ cos 17X
=,«[(2«—x ("nrr ST
I nr\ P
~(-1) (~—;;,—"= s -—7—)]0

2 1

::7 [_2 nw cos "”‘i . ]

2L (cos nr1)=—. (I +cos nr)

1 2nm 1’ "
neven. Then cos mm=1; . b,,:?[i,

A l_ﬁl 201 11 11

by g ) s b= g sy b‘=;,§,_

nodd. Then cos np=s—1; . b,=0

or byssbymby= . . .==0.
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o f(x)=by sin ?-*—be sin 2~7;3+b; s:hs";
+b, sin 4"“+
L 2mx 1 Arx . bmx
= (sm T"'Z sin +3 sin T)
:{5 E s —Zﬂﬂx'
TR {
{ T r ey 2nmx
Ex. d43. Prove that (— —x) =1tz Z;‘ 3OS~
o< x<l

Proceed exactly as above, taking
S0)= a,,+}.‘ an €Os "7:,\.

Ex. 44, Fmd a Fourier's series for a function of x

which has the value ¢ when x lies between 0 and a and the

value 0 when x lies between a and 1.
(Agra 46, a8, 61 ; Rajputana 48)

fxy=c, O<x<a;
=0, a< x< I

& nmx . .
Lct.f(r):uﬁ-z‘ a, cos == in cosine series

ff(x) dx== ([ cJH—f Odr)-—-l—‘

nax

an=5 f Jfx) cos "—'1— dx=5 I ¢ cos —«—d’\-rO
/ [in mr.r] :—Zfsinfl"f.

ET “nm T nw

2 . ra 2¢ . 2ma
g a,#‘sm-—,n.;z—sln e
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f(x):# (sm ’—';—' cos -I—+2 sin ?_’;_’1 cos 2~"}+ )

Ex. 45. A function J(x) is defined as under :
f(y=x2, 0<x<If2;
=0, n<x<h

Express the function by means of series of sines and alsa
by means of a series of multiples of wx/l.

w
Sine Serles. ()= bn ssn”ll",

=7 -" J(x) sin m~%“ X*sin ";'x+J' 0dx
2 nrx LA
Ix‘ (_—~ cos ) ~(2x) (-'—1—27 sin l,—)
+2. ( £ 752 €08 lﬂ)]m
] 0
208 ~4 [ -
7[3 — COS H—I+2 5t sin 2T 5 +2 (cos ’%—1)].

Now give n the numerical values
by, by, by.

Cosine series.  Similatly write

1, 2, 3, and find

o
f(v):a,,+2 Gn COS '1711-\”,

1153 13
where l_[ J(x) dx=5 U X2 rlx-{-j 0 a'x}
o e
Lhpy B
[ERVI RS
) /2 4
Op=" I S cos 'i’ix dx= U Xt cos "Lx+[ 0 dx].
! 12 a i e
Fvaluate the integral as above and put n==1, 2, 3 N

-

&



290 Integral Calculus

Ex. 46. Find a Fourier's Series for the function defined
by the equations
S()=~1 for ~I<x<0,
=0 at x=0
=l for O<x<l
Hence deduce that wfd=1—14+3}—1+1..,
In the interval (—l D,

S(x)y= nn+): (a,. cos lz?—{-b sin '—WT\')

to=gy [ F0 ds= [ 760 v [ 10 ]
;IU —1. dv+] 1. dx] (-1+l)=0~

ar=p [ iy cos " '

IIU ~1.cos M dv+j Icos M7, dx]

1

T

I ._.smn—l«\’) +(sin "_.”_") ]=0,
1 Ja I /e
. . :1-

il

]

sin #r=0

!i

I ™ sin - 7

-
{
}[j —1.am ™ I dr+j 1. sm—— dx]
1
e

L feos 2 (e ]

:rT [(1—~cos nm)—~ (cOS Htm— DI

i

i

:~2—- (1-—cos nm).
N

1f 1t be even, then ba=0, i.c., by=by=bg...~=0.
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1f # be odd, then bn”_—' (I+h)=~

4 41 41
b|_-;. 17,4”..3,, b,z;.g‘ ..
Now a,=0 and ¢,=0.
J(x)=b, sin TLI‘!-rb, sin 2mx +b, sin yl_

4. ox 3 Smx
= [sm —,—+3 san+551n +.. }
Putting x==//2, then f(x)=1for0 < x < {.
Six)=1 forx 1/2
47. = 1 S
l=1—r [sm §+§ sm 3 +5 sin -—]
" 111
or Rk R A
Ex. 47, Show that a function defined as
)1 Jor =A< x < —1
—exfor ~l<x<0
=x for O<x<l
=l for I < x < 21 can berepresentedas
3 2 1 (2m+-1) mx 2m+1) wx
TS GmEIe [" o8 g hees = ]

{Rajpuiana 57)
Note here that the intervalis —27/to 22, Procedure is
same.

S(x)= aa+27 (a,‘ cos 2[ +b.. sin LZT) (Note 2/).

d, :mj S(x) dx

4,{5_ ldr+j’ —xdv+j xd\'-}-j Idv]
-4 [1 (— 1420~ 01+ (2= )41 (2/~n]
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1 11 3
=gl {1+2+§+1]=21.
y= 1 !ll J(x) cos Lﬂdx
@0 }oa
1=
=y [J.— { cos '—— dv+f —X cos —,—d\
+J x cos =5 d\+J 1 cos —.,/—"d\]
1 2! . nwx . nmx
[ e 57 o 5) )
21 nwx 47 nrx
{x (—- sin —2[—) ¢ ('F cos —27')
:
o ()]
- [
V26 0f . nn nr
A9 o)
2 . 4l
_{O—I ~— sin (_T)} n:"’(l—cos 2)
+{(1 7 Sin EL")*".ﬁ d (c"s “’)H
nm
1 4r (l cos 2)( 1~[)="T—’(cos—2——')-
41

=3t

When # is odd, then cos ’—;:0: .

Un =

nin®

4 AL
Oy =5 e 03 e T -

-=0, 5 cos 2ra—1,

/ a2
B |

Aguin a=a,=0>= ..
41 2
'n 3 (—“l“l)*“' T = 6. ,,~'(

Again h"_zlf Sx} sin & T X .

Proceeding exactly as for da, We can show that it is zero.
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J(x)= ay+-a, ::os—~+—a2 cos , +t13 cos 32"1‘\
+a, cos ‘%‘ + .
34 mx 2 o 27X 3av
R TR T T/ﬂ“z wos S
i Smx 2 6m A
+53 €05 21 T 08 gy e ]
3} 4 3x Smx
=i [(cos I+— cos—l+szcos 2,+...
3mx
+1 (cos —+33 cos T +.. )]
3 2

nx 1 X Sax
*4—5"—2[2 (cosz—,+3-zcos ~+5—2cos 3+ )

Ty 3mx
Jr(ccs T+‘42 cos =" - )]
Above can be putn the form

3 2 = 1 @1y 2y @m+1) oy
< ;’mio (2m+l)2{2 cos a7 ~+cos T

Proved.
preriodic
—l10 —Jj2, —x2 2/l from

Ex.48. Find a function J(x) which shall pe
vith period 21 and shall be =4 from

—112 10 12, =114 from 1/2 fo .
() =a, +Z (n. cos %"4-!1. sin "li")

R

T.[ S dv.
A o] 1
l[(z+’)+3( +5)+3(-3)]

1
[s+12+s]“

2
!
=
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an:; U““H Ilﬂ\d J’ = "”{I.r
-t
+f = Cos 'L’fdx]

1 [ o ) 7o)
+,2{x~ (n‘l sin 'ﬂ'_f) (2x) ( 7% €08 ”ILY)
+2 (—L; sin "Iiv)}:/:] (Prop. V)
=4llm{(—sin '—'2-—0)+(0—sin %’)}
+71 72 ;'# sin 2 = it "gl—ﬂz cos "2"_ %—:—, sin '—;’—'}
20 2 . ne ZIomr 4 . onw

“—m—m S0t € T SN
[ cos 2 sm nﬂ
= 2 - 2 .

We can show as above that &,=0; otherwise also, we
can say that since when x be changed to —x the function
remains the same, hence we should expect cosine series only.

2 nax

nr nr'
S J()=3 l+2 n2 3 (cos?_,; sin -2—) cos 7
‘The graph of the .
function is composed
of linc y=1/4 from —~1
to —If2, parabola
y=x2fl from —If2 to 5
r - - ¢
172 and the line y=/f4 ¢ % ]0 PR
from —1/2 to /.
Ex. 49. Show that me series .
vy £ nax
fL‘*‘l}i‘l’_{_: 24 "’”'j' {2 O5—rp) sin 5 .wx—’;—

-2 (vg—¥y—¥y) cos "”\’}
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is equal 1o vy when —1 < x < —13,
vy when —1f3 < x < 113,
wywhen 13 <x <

where vy, vy and vy are constants. {Agra 63)
As usual in the interval (—/, /),
o
f(x)=a0+2 (a,. cos'lj—x—*-b.. sin 1172() (b
@ =2— f(‘) dv
1 --1/3 i (7t & g - dv
:=?I[I—I ‘llx+j—1/a ‘2 X+jl/3 ‘3 ‘]
1 (ol !
=uln (=5 +n () (3)]
:'2[ 2 (v,+\a+v,)~"+"_§+"=.

EY
B
|

—~—

—t/3 &
U " 1y cos "X dw—j vy cos 7 dv
-t 7 ua !
i nmx
+ ¥y COs 7 d\]
s
LT [on nmx)™e o [ mmx]s
AT‘n_‘rr[“{sm _’d}—r s {sm T }—-us
-L\;,{smmr\} ]
’ 43
L P in B psin T
-~"7[|,( sn 3 0)+Ve (sm 3 +sin 3)

+vy (O—Sin 2%’)]
———l— sin ks [—l +2|.—-|a]_— sin '11 [2ve—vy—ry].

—"3
I»»«:-[ ¥y sin " T d\+j ve Sin 157-‘ dx

7
13 -
Im vy sin 275 dx]



296 Integral Calculus
1 T arx\~te mr.\-)”
-7 (_n_.") [|1 (cos T)_; +5 (cos T )t
1 [ ( nr )
———1Ir {cos F-—cosnr
nmw

nmx\
+ry (cos T)m]
3

ER AR (HESA (cns nm—cos "3—")]

3
VamVy o o 20m N
:4—"7.2 sin "3 sin =
Now putting for a,, a4 and s in (1), we get the required
result,

3 nw
=— [cos <-—cos nm) (¥3-~¥1)
nr



CHAPTER VII
' CONVERGENCE OF IMPROPER INTEGRALS
§1. Definition.

i3
Proper Integral. In the definite mtegral I f(x) dx, when
a

integral is bounded and the range of integration is finite, 1t
1S said to be proper integral.

. ImlJmpcr Integral. If however the range of integration
1s infinite and the integrand bounded, then it 1s called impro-
Per integral of first kind. It is also called infinite integral, e.g.

“’“’ dx
o 1Fx*

. When the range of infegration is finite and the infegrand
'S unbounded, i.e, the integrand becomes infinite for some
‘l’alue in the range of integration, then it js said tobe
Proper integral of second hind, e.g.,

J’ * dx 1y

(03 G—x) or ,L N (Punjab 54)
82, Convergence of improper integrals of first kind,
fange of integration infinite and the integrand bounded.

Case. 1, ‘re 1(x) dx.

It 10 1 integrable and bounded for all values of
X2 a, then

i

r 1) d‘(—xi;j:f(x) . (D

fim If the limit on the R.H.S. of (1) exists and is unique and
e, then the integral on L.H.S. is said to be convergent,
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but 1f the limit is o or -oc, then 1t is sad to be
divergent. If however the tegral neither converges nor
diverges, then it is said to oscillate.

0
Consider the integraIJ' et dx Here the ntegral is
0

bounded for alf values of x > 0
o
f e dy— [fema- 1 2 [em]'
» Y= Jg Rl o

Lt .
*\’—-iw 2[‘,1 ‘ll:m
Since the above hmit 1s oo, hence the given integral is
divergent.

2
If however we consider the mlegral'[ e~ dx, then
o

> = -
I e dy= Lt I e dx=: Le [—e-’]
A0 Jo Y->0 o

o E
Lt P
“xrse €7 &

.okt Lt 1 1
Y vow § ke &% 0.

Since the limits custs and is finite and unique, hence

the given integral is convergent

%
Similarly, we can show that I sin & v oscillates.
o
* Lt " Lt d
- i - - —cos ¥
B L sinxde—= L sin x dx o X

Lt
Yo {1—cos x}.

The above limit does not exist and hence the function

ncither converges nor diverges.  Therefore it osciflates.
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Case I, Ib f(x) dx.
—»

If f(x) is integrable and bounded for all values of v
the interval (a, b), where b > a, then
] Tt >
j_w fde- L <) dx. e

If the imit of R H.S. of (2) exists and is unique and
finite, then the integral on L.H.S. of (2) is said to be
convergent but if the limit is +o or —eo, thenit1s said to
be divergent.

o
Consider the sntegral j - sinh v dx.

0 0
=£I_” (ex—e?) drv=— Y_:'i” é L ex dy

0
- Y__}iw %I % dx
: =
Lt -
O (1B S (o
~H 0] =4 [0 1] =22
Hence the integral diverges 10 —oo.

0
From above 1t follows clearly that integral f % dx
—c0
0
converges to I, whereas I e~ dx, diverges to +oo.
-
0
Similarly, we can say that I - cosh x dx diverges to +wo,

»
Case 111, I f(x) dx.
—o

J':-f(x) dx=t_ 79 d\'+I o ds.
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< The tegral on L.H,S. of (3) will converge if both the
wfinite integrals on the R.H.S. are convergent and it is then
equal to their sum.

Consider the mregra[[ ITX\'_ dv

* dx ° tl\’ dx
[C. s f o+ @

dx Lt
Ty J’, 1

Fx—seo o 14+x2

Lt . Lt F
- - an-1
Y0 [mn X . +\‘—>m tan .\‘l

= Li,, {0—tan-? x]

Lt
* ks {tan= v—0}
~-—tan~! (—o0)--tan=? %
= (=D 4720,

Above shows that both the integrals on R.H.S. of (4)
converge and hence the given integral also converges to their
sum .

§3. N 3 and

-
gence of J %) dv.
.

ient lition for the conver-

0
The integral f 1(%) dx {5 said to converge (0 the value
.

1. when corresponding ta any positive number ¢, honerer small
there exists @ - ive number m, such that
.
, I~J‘ Jxy d\’l < ¢ forallsalues of x 2 m.
.

{0 a necessary and sufficient condition for the conver-

x
sence of the integral I JUx) de s that, given ¢ howeser small,
»
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AN
e ramFer o be foand such that I ‘]L\) & \" ~ e for all
Xy
values af xy and Xy for nhick x, >\~ on
x
$ 4. Tests for comvergence of f n) dy.
Ja

1. Comparison Test. Let A{xy and S(3) b awo funcs
tions whick are bownded and inregrable In the nterwd (a, o),

w»
Alsa let ) < () when a -~ a0 then j AN dyie comers
£ 0 * xR
gent if j. $(X) dx is convergene and I Ay da < I )
. “ "

x ®
In case f(x) > HLV) and j Sy du diverges, thmj Sy
N “

also diverges.

Note. The above tost corresponds to the compiarison
test for convergency and divergency of series which the
students must have read in author's book an wigebra iy
degree classes

Auxiliary Integral.

*© dx " -
— where 2 > 0 14 convergent when w2+ 1 pml
X

.

disergent when n < 1. {dpr 2
© dx Lt . It ' #
L T oo ), dx. e {
it

LI R
x-~»00 n--1 ! !

. Lt
10 2> i then 1=y is  dve and . Mo ‘i., 0.

Y A
Sa L -V(,.-«,-l)!.n AN

If < 1, then T—n iy v ive wid ‘_l'f,,, XN s o0
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[N
e X" —ive

Hence the above integral diverges.

If n=1, then

j"”d_x @ dx Lt {=dx

a X" ) X7V—>=o x

e (log x—log a)==0. Hence divergent.

We shall use the above integral as auxiliary integral
for the application of comparison test.

Ex. 1. Test the convergence of integral J. "—"L‘f

dx.
(Pun)ab 52)
Let us choose nia(.\'):'-l—z and since sin x < I,
fx) < $(x)
Hence Ij sir;:x dx converges if j:a .EE dy, a>0 con-

verges.
1
But we know thatj ;»d-‘ converges because n=2
«

ie. > 1;otherwise also
1 Lt =1 , Lt /1 1} 1. at
I = dx:x—)oo e dx__x__)w (&'—x =;f e. convergel

Hence by comparison test, the given integral is also

a X

convergent.
-
Ex. 2. Test the convergence of L m

1
Here let us choose 93(,\‘):;; f(‘)=m'

V1) < V() or \/(T‘j) >Lie g0 >4

when x > 2.
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= dx . * dx
Hence L TETY diverges  according as L ¥
diverges

»
But j d-——: (n- 1) diverges  Hence by comparison test,

the given integral also diverges.

= dx
Ex. 3. Test the convergence of J‘a ?;m
1
Here Jet us choose g{x}-- andf(t) /(L)

Clearly 1{(x) < (%) ; bul“. $(v) dx= J a6 n=2

i.e. > 1, converges and hence by comparison test, the given
integral also converges.

Ex. 4. Test the convergence of mtegral J. il \, dx.
o I4+x*
1 €05 A
Here let us choose zf;(x):i:;3 and f(")—ﬁ:‘z\'
Since cos x < 1, oo fix) < ¢(x) and hence by
comparison fest I f(x) dx will converge 1f I $(x) dx con-
D] 0
verges.
- Lt (= 1 Lt "
= e dxes .y
Now L $(x) dx xoroo | TT3E dx: Yer00 tan—t x: 5
Hence I $(x) dx converges to 1?" and so does the
o

j f(x) dx converge to g
s

Ex. 5. Show that I e=*" dx js convergent.
(Sagar 62 ; Punjab 56)
- " -
J. e~** (Lv:j e (ix+I e=*" dv,
n a 1
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The first itegral 1s bounded and the range of integration
1s finite.  Hence 1t is a proper integral and therefore conver-
gent.

Now for values of x > 1,

e < xe e fix) < $(x)
- »

and hence J J(x) dx will be convergent if j 2(x) dx is
1 H

convergent,

: Le e

fe. xe~* dx is finite
Xroo ),

L I[w] Lt IJL 1
PR = xerea 3 [

o
Hence j e=* dx 15 also convergent.
1

1 N
or PR finite.

Therefore the given integral being the sum of two
convergent integrals is also convergent.

TI Test. The ptest.

Let fix) be bounded and integrable in the interval
(a, ) where @ > 0. If there isa +ive number p > 1.

such that It X® f(x) exists finitely the limit being neither
X—>o0
=
2¢v0 nov infinite, then the integral I flx) dx converges
.
i < 1, such that Lt i
If there is o number p <1, suc o

-
exists and is not zero, then the integral _( fxyde s diver
-

gent.
Note. The value of g is easily taken to be as under .
“highest power of v in Dt —highest power of ¥ in N7
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Examine the convergence of the foliowing integrals.

-
Ex. L. j' (T"L;),,,‘:}~1:z. (Agea 53)

xovoo ¥ ﬂ")”h,g (1_\,)3—1, r.e. finite.
Since p=2, i.e > 1, hence the given integtal 1s conver-

gent by p-test.

) 2 dx
Ex. 2. f‘ ARy £ G+1—0=5. (Agra 53)
1t Lt
o ¥ f(\—)~— e ¥ xsle x5 +x"=):l’ r.e. finite,

Since p=§, i.e. < 1, hence the given integral is diver-
gent by p-test.

w 2

Ee [ oy
Exd. [0 Converaent. pei. i )

I IS5 Ve gent. u=1, ie. > L.
© xSdx
(u‘l«rxl)*'

dx, Convergent w=2, je. > 1.

Ex. 5. Divergent. p=1. (Agra 55)

Ex. 6 }’ SR dx.  Divergent. p=}, ie. < 1
(Rajputana 62}

0 dx
Ex. 7. j vE=aY
ie. < 1. {Agra 50)

dx. Divergent. p=2—9={,

B8 | 20 dv, mand n b
Ju 55 dx, mand n being - ive miegers.
{Karnatak 63 ; Agra 46, 63, 66)
® xim s xim 4 Xom
Now L -9 dx:!n foeed dx+L e c]x.:
Clearly the first integral being proper is convergent.

' For the secand integral choose

p=2n~-2m.=2n -m),
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Lt xts-2miim Lt

X Tx—eo0 T XF T v0 [

ie. fimte,

Now p—2(n—m)andfy - m, then g js > |
# and m are +ive mtegers.

# 2 -myandatn o m, then yo1s < 1.

Hence J

2m

dx 1s convergent iff i > m and diver-

gentaf < m.
0 ‘dm
Therefore J. e 1s also convergent if # > m and
° :

divergent if n < m

Ex. 9, J"=° —m———dx where a > 1 (Agra 61

A M Tt he. . gra 61)
dx

Put log x=1¢, . T:d" and adjust the Iimts.

i dv e de
s X (log x)r#'™ Jiog g 100
wherelog ais > Gasa > L

1
Lt ged =1, fimte

Here p=p+1 and Ao TFF

Hence the given integral converges, if p4+1 > 1
ie > 0, ie. +ive and divergent if g1 < lorp <0,
ie. p=0 or -1ve

TIT Test. Abel's Test for the convergence of integral
of a product.

1 _[ z f(X) dx s comvergent and $(x) is monotonic
a

%
and bounded for x > a, then ntegral fu J(x) $(x) dv s also

comergent,



Convergence of Improper Integrals

307

Ex, 1. Test the comergence of [ (—er) —= Q5 .

Let /(v)Jﬁi_,l and d(x)=(1~e%).

Now since cos x << 1, ., c(;szx < :~_ and }I-L(lx 1s
convergent because n=2 by § 4 P. 301.

o @
Otherwise also, I é dx= Lt [— 1]
s 2

X~=0C
% cos x
Hence s convergent
a A

Also (1—e-?) is monotonic 1ncreasing and bounded
function for x > a.

Therefore by Abel’s Test, J' (l1—e2) o8 xdv is con-
vergent.

= " x
Ex. 2. Test the convergence of I - S X I
a

Here f(\:)~5-l%—3 and $(x)=e-=,

. . Sm X 1

Sincesinx < 1, . < — and I aa'\ is conver-
sin x

gent as in last example. Hence f —5 dx 1is also conver-

gent.

Again e~ 1s monotonic increasing and bounded function
for x > a.

Hence by Abel’s Test, j et ~ X dx is convergent

IV Test. - Dirichlet’s Test.

IT f(x) be bounded nnq monotonic and 1f ; J(¥)=0,
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o
then the 1ntegral L S(x) ¢(x) dx converges provided that

=
Uﬂ é(x) dx ’ is bounded as x takes ail finite values

Ex. §.  Test the convergence of f ® fi'"—xd\' n>0
a " o )
{Nagpur 50}

Here ,f(x)z;l,l and ¢(x)=sin x

1,
Clearly o is monotonic and YL:O ;;:0, ifn >0

Also “: $(x) dx ’:“’: sin x dx‘::] cosa—cosx| 2

53
so that j sin x dx oscillates finitely, i.e. it is bounded.
o

sin ¥ is convergent.
T 2

Hence by Dirichlet’s Test, f
Ex. 2. Test the convergence of j sin x di.

Convergent

Proceed exactly as in Ex. 1.
sin %
dx.

Ex. 3. Test the convergence of f
(Karnatak 62)

S 1 ¢l % gf
I smxdxzj’ &xdx.,f S g, (b
0 X x
Lt sin x(foxm 0) showing thereby
A0 X 0
tha tJ‘ Slnxdx is a proper integral, i.e. convergent, and

sin x
hence we shall proceed with the convergence of | —=dvx.

Here f(-")i‘; and #(x)=sin 2.
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Cleacly :fis monotonic and \‘i{m é:O

Also ‘ J' #(a) dr

=’ r sin xdx':l cos 1—cos X | < 2,
1

)
sa that j sin x dx oscillates finitely, i.e. 1t 1s bounded
r

dx is convergent and

o .
Hence by Durichlet’s Test, I su: b
1

from (1). we conclude that sm

o0
Ex. d. Prove thar the integral I fad “—:1 dx,a 20,
o E
is convergent (Rajputana 62 ; Punjab 54)

o
J (."‘"sm ‘l’\":jl c‘ﬂsﬁt_——‘dx+]' [ smxdr. ()
o L]

Now
Lt o snl x (l‘ m 0) Lt e®* (cos ¥x—~a sin X)

0 0/~ x>0 1 =1

0,
d sin

showing thereby that j e"““ﬁc—'— v 1s a proper integral
)

and hence convergent.
We will therefore proceed with the convergence of

I” emon sinx da.
. X
Let S(x)= :’ and g(x)==sin x.

Clearly f(x) 1s bounded and monotonic decreasing func-
tion of x for all values of x >> 0.

Ako — L ::i:=0.

2 .
I sin x dv l=l cosa—cos x| £ 2
P

Now H: $(x) dx l:
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z
so that I sin v dx oscillates finitely, i.e. it is bounded.
a

Hence by Dirichlet’s Test, f laad E:—- dx is conver-
L3

gent.

Therefore by (1). j Fad sin x

dx is also convergent.

Ex. 5. Prove that "- sin x2 dx 15 comergent,
1
(Sagar 63)

J. sin x2 dx= f 5=.2x sin x2 dx,

Here f(r)— and (x)—2v sin 17
Clecarly f(\') I houndcd and monotenic decreasing func-
tion and f(r) w0 zlr —=0.
Aim
3 )
“ J(x) dx {—,H 2vx sin x* llr,-—lcoe F—cosx3| < 2
1 1
Hence | 2vsinv?dv oscillated finitely, 7e. st Is
bounded.

o
Therefore by Dirichlet’s Test, L 5=.2vsinx? dv is con-

»
vergent or J sin v? dx is converpent,
1 » i ,
2 e sin X d¥ comerges.
Ex. 6. Show that j jamE Sin x d comerg

f(y)———i-‘: and &(¥)—sin x.

ftx) is monatonic and
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Ex. 1. Show that j J—;—i‘dv is absolutely convergent.

[ 2

o sinx < 1
x»m\" . mx <

Le [1_17.1
v |37 507

sm X .
dx is convergent.

Hence J’ U X is absolutely convergent.
d el

Ex. 2. Show that f e~ cos bx dx  is  absoluely
°

convergent.
il 1Ted - 1l
f |e=7% cos by | dx < I fe~ %" j dx as cos by = ).
[ °

0
Now by Ex. 5 P. 303, J' e=a"" (x is convergent.
°
»
Hence the integral J- =9 cos brdx is  absolutely
P)

convergent.
=

Ex. 3. Test the integral j (%) dx for absolute con-
L}

vergence, where f(x) is defined as follows ;
f(o=1for0 <x <l

!
-0 forn—l < x <n-n

< (= d)nr for ,,,! < X< owheren2,3.4..
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00 _ 1 78 2
L 9 dx—jo S dx .f. ) de+ J 1 SO0 dxr
For n=2, f(x)=1 for Ist mtegral, f(x)=0 for 2nd, and
Jx)=(~1)#+1=—1 for third
00 _ 1 1 2 _
j'" £x) dve= J’nld.w[l o,1x+_[“( 1) dat

=1—4+1-
The above series is convergent and its sum 1s log 2 and
hence the given integral is convergent.

Now I: @] dx:ﬁ 1) | dx+J':’1f(x) | dx
10 v
:J’l 1 dx—.j'” 0 dx+ﬁ‘ (+1) dx
R R E S —

Above series X ;‘;’. where p—=1, 1s divergent
™

Hence I { f(x) | dx s divergent.
L3

o
Thus we conclude that even though I J(x) dx con-
0

verges, but not absolutely.
§ 6. Absolute convergence product.
If f(x) is bounded when x > a and integrable in the

o0
arbitrary interval (a, &) and I ¢(x) dv converges, then
a
o0
j $(x) f(x) dx is absolutely convergent.
o
Ex. 1. Prove lhaij sin m: and r S"j_{l‘ dx con-

‘ar- -+xt
verge absolutely, when m and a are +ive.
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Let f{x) cos mx or sin me and they are bounded and
integrahle

e
Also I
e

etest becanse s 2 and L iy Lt
v oo @ X

L = 1
—z v — e is .
FE J’. e dv is convergent by

fimte
Since u "~ 1. hence the above integral 15 canvergent.

%
Therefore f #(x) dx 15 absolutely consergent,
n

> gin * cos my
Hence ——dr an - abso-
ce | Fre d LAt dy are abso

lutely convergent.

= »
sin a cos x
Ev. 2. j i dy  and L =ry dx are absolutely

comergent, when it and a are + ve.

x
Hcrcj ;117', dx 15 absolutely convergent by p-test if

n+1>1,fe.n1s +1ve and sinx and cos x are bounded

and intcgrable  Hence gven integrals are absolutely

convergent
§ 7. Convergence of improper integrals of second kind,
1e. when integrand is infinite and range of integration

finite
r £(x) dx, where f{x) is unbounded.
a
Suppose f(x) becomes unbounded al x=a, ie x=ax

the only point of infinite discontinuity in the interval (a, b)
Therefore the integral f(x) is bounded and integrable in the

nterval (a+e, b), where a < ate < b.
* Le (0 i imi 1s.
L 1(x) dx:(_,o L“ f(x) O\, if the limit exis



o
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- Similarly if f(x) becomes unbounded at x=b, then
1 b~
J f(x) dx= Lt J ‘ f(x) dx 1f the limut exists.
@ =0 Jo

P
Again if f(x) becomes unbounded at i =¢ and x=b,
t.e. when a and b are both ponts of nfimte discontinuty,

then J’:f(.\‘) d\—mr (9 rlx'(»"-jf(.\') dv.a<<c<b

. a

Both thesc integrals on R H'S have one point of mfimite
discontinuity and have been discussed above

§ 8. Test for convergence of r f(x) dx.

I. Comparison Test. ‘

Lt fx)
T e b

the o integrals If(.\’) dx and I $(x) dx.are erther both
« a

=fimte, 1e. neuher zero nor wfinite, then

comvergent or both divergent.

Auxiliary Integral j is convergent whenn < 1

dx
~=ar
and divergent if n > 1.

v=¢ is the only point of infimite discontinuity.
j‘b dx Lt J"’ dx
a{(x—a)* 0 Jate (x—a)®
2 2 L S
Te—D (n—l) (x—a)"]ate
o T e—arn—ay

sao l~—n

!

;_1 (b ay'~ where nis << 1, i.e. 1—nis ive

=00 \vhen nis > 1, i.e. (n—1) is +ive

ar  l—p=—ive and Lt d-r—ss,
. e

0
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> dx Lt dx Lt b
when n=1, —_ - —
L 5 [log (x a)]a“

€>0 Jate x—a >0

Lt

e

From above we conclude that

e [log (b—a)—log e]=o0

Lt ¢ dx exists only when n < 1
e—=>0 Jate (\' ayn Y <1

Hence the given integral is convergent only when n < 1

and divergent when n > 1.
Note. If you compare this result with that of § 4 P. 301

you observe that results are opposite as in that case conver-
gent when n > 1 and divergent when n < 1.
1
Ex. 1 (1) Test the convergence of L Faror
Here the integrand f(x) 1s unbounded at x=0

Let us choose qS(\').,— & 16)5 and we know that

1 - - .
J. (x—O)’ d« is divergent as n—3, i.e. > l..
tfi) Lt 1, Lt 1
Now o ) x>0 (1% Va0 d-+v°

ie., finite.
Hence by comparison test both the integeals either

. L | P
converge or diverge together. Since fo (x;-O)s dx isdivergent,
hence the given integral is also divergent.

1 dx .
® [ o @iversen). (Sugar 64)

dr
Ex. 2. Test the convergence of I TRy (Sagar 63)

Here the integrand f(x) is unboundcd at x=0

1
Let us choose ¢(x)——§m-—(xj0—)”—, and we know that
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1 1 . .

j W dx is convergent as n=}%, f.e. < 1
0 3=

Now Lt Lt L e Lt 1o

— —————— 1 =
X0 F0) " x—0 X (TTxD) a0 [T

i.e. finite.
Hence by comparison test both integrals erther converge

or diverge together
Since _" —i dx is convergent, hence the given integral is
also convergent
1
Ex. 3. Prove that Beta function I xm(f—x)nldx is
0
convergent 1f m and n are both +-ie
(Vikram 62 ; Agra 64, 67 ; Karnatak 64)
Ist Case. If m—1 and n—1 both are -five, re. m > 1,
n > 1, then the above integral 1s a proper integral and hence
convergent.
2nd Case. Ifm-1 and n—1 both are +ive, i.e. m < 1

and n < 1, then 0 and 1 both are ponts of infinite disconti-
nuity. If ¢ be any point 1n the interval (0, 1), then

j‘ am=1 (1= gt dx:j' o1 (1= )t dlx
o .

1
+I A=t (1—x)e~1 g,

<
Convergence at 0. I Xt (I—x)*-t dx has x=0 as a
L}

pomt of infinite discon!inuity‘
(l——X)

e rl\', m—l=—ive or l—prt==—five.

I==

© dx
Choose Mx):.\T': and L (T—_OT‘_:’: 15 convergent if

lem < U oor O<<m or m > 0. ie. ‘'mtive.
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Lt s(x Lt (1~x)n-t
\_‘0;((\,)) 0 { x,f?n xtm=1, e finite.
Hence both the integrals converge or diverge together
but since one of them converges, therefore the other is also
convergent and the condition is that m is +ive.

1
Convergence at I. I xm-t (1—x)*1dy has x=1 as a
¢

pornt of nfinite discontinuity because #—1 is ~ive or 1—n
15 +ive.
1 L Xm—l
. =1 —x)n~-1 = — v,
A L X" (1 —x) (I.\‘_J; = ‘—)x-n dx
‘ 1
Choose ¢(,r)4(]—”";),_—n and L (1— )1_» dx is conver-
gentif l~n <1 or O0<n, ie. 7 >0 or nis +ive.
Lt f(r) am-l ten o] f .
xl F = (=" (1-v) . ie finite,
Henee both the integrals converge or diverge together

but since one of them converges, therefore the other is also
convergent and the condition js that n is -+ive. Hence

1
I xm=1 (1 —x)»-! dx being the sum of two convergent inte-

° .
arals is also convergent when both m and n are -+ ive,
-2
Ex. 4. Prove that I ” % coseen x dx exists, ifand only
o
fn<mpl, (Delhi 82)
(= dr«“‘ " v"‘"( )- dy
l-J-., _\"(Sln\‘) sin X ) .
Now when m—n > 0, f.e. +ive, then above intepral is
e x Lt .
proper because g 5a Ty vee0fos &
Bot when n—n <2 O, Le. —ive, then

[ () e
v iy

13
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* HereOisa point of infinite discontinuty,

/2 Ix
and J‘/ (;:‘0‘_)';; 18 convergent 1f

and only if n—m < 1 or n < (1+m).
Lt /i) Lt ( X )"a

X040 0 \simx) T
Hence both the integrals converge or diverge together,

but since one of them converges when n < (m+ 1), therefore

Choose ¢(x)= -—

‘n—m

the other also converges when n << (m+1).
b
§ 9. p-test for convergence ofI f(x) dx.
a

Let us suppose that x=a is a pont of infinite disconti-
nuity and let f(x) be bounded and mtegrable in the arburary
interval (a+e, by nhere 0 < ¢ < b—a Then jf there is

+ive number . < 1 and ‘ﬁl{',;o {(x—a)* fix) eusts and is

>
fintte, then J‘ J(x) dx 15 absolutely convergent.
o

If e 2 1 and —>aL.L0 (x—ay* f(x} s finite, then

o GO S s deo,

j S(x) dx diverges, Alsa 1f ->a+

then also j J(x) dx diverges.
a
In case x=bis a point of infinite discontinuity, then we
Lt
should evaluate b0 (b—)* f(x) and other conditions

remdining the same. '
Ex. 1. Test for comergence the integra!

1y
L ;,,—2—(115_7)“. (Sagar 64, 62 ; Agra 56)
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Evidently x=0 and x==1 arc both points of infinitc dis-

continuity
1

- :I Yz (l—\‘)”"‘j iz (I—.\‘)"’+f Xz (l—x)‘/’
where 0 < g < | (D
dx

NowJ' Rl gy Here x==0 is a2 pomnt of infinite
o E

discontinuity.
Lt . dx )
x—040% " FEL DA
ie. << 1. Hence by u-test the integral is convergent.

ie, finte and p=1%

1 dx : . P .
For L =g x=1 is a point of infinite disconti-

nunty
(1—x) Lt 1 _ Lt 1 1
,,1_0 ‘Yz (1__ NPT x->1-0 X172 /,_>0(1'__,,)1/z
But p=}, ie < 1 and hence this integral is also
convergent.
Hence the given integral being the sum of two conver-

gent integrals 1s also convergent.
Similarly we can show that the following integrals are

also convergent :

fvtv(1+v)1 .[ VX, (l+r)

1 dx
But I b

Ex. 2. Test the convergence of I ‘/(2_ )
(Rajputana 63)

Here again both at x=0 and x==2, there is an infinite

will be divergent because in this case u=1.

discontinuity
log x ¢ logn

1=-{l FE i [ JB5 e[ it h o

0<a<2.
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Convergence at x=0, f(x)zv%g%x)'
Lt logx
x—>0'\’. __M)-o ifu > 0.

Hence if we choose ¢ between 0 and 1, the mntegral
a
I f(®) dx is convergent by p-test.
o

2 Jog x
s V@—x)’

Convergence at x==2. x=2, 15 a pomnt of

infinite discontinuity.

Lt

w20 N gETy

\/(2~ v) Ix—>0 log (2—h)=log 2.

But pe=}, 1 e. < 1 and hence dx 1s conver-

I v (2 \’)
gent,
Hence the given integral being the sum of two conver-
gent mtegrals 15 also convergent
2 2
Ex. 3. Test the convergence of J-"/ 2cosx dx.
(Agra 51, 58)
When x is —ive, i.e. < 0, then the above integral js
proper and hence convergent.
Agmn when n is > 0,’i.e. +-ive, then x=0 is a point of
infinite discontinuity.
cos v Lt Lt cosx
S e N A

= W e cos x==1 af p=n,
x>0
But by p-test "the integral is convergentif 0 < po << 1
and diwvergent when g » 1. Hence the given integral is
convergent if 0 < n << 1 and divergent when» > 1,
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/2 sin X
Ex. 4. I ;% dx converges when0 < n < 1,
0

sinx 1 smux

xitn Tyn Ty

When n is —ive, i.e. < 0, then above integral is proper
Lt sin x 1
Cox=0"x T
If n is +ive, 1.e. > 0, then x=0 is a pomnt of infinite
discontinuity.

ELEY
choose x#—x»,

1

=g,
Lt 1 fsinxy . .

10 ¥ (—x—)~l, ie. fimte

Hence the given integral is convergent when 0 < n < |
and divergent when # > 1 by p-test.

Ex. 5. Test the convergence of f:"mn— s
(Agra 52)
=0isa poinl of infinite discontinuity,
cos X

S(¥)= \/(lan WTE A/(Sm r) and choose x»=x!3,

. = 1t cosx)
S [
Lt , -1
= xerl) (sm r) vicos x)
Since the limit is finite and p=1, [e. << 1, hence the
piven integral by p-test is consergent.

3
Ex. 6. Test the comergence of f x5 e d,
.

{Jiwa]l 66 ; Gachati Hons. 63)
fncasc z—f D 0, fe.. z > L. then the given integral i
proper and hence convergent.  Butif 11 < 0. /e 3 < 1.
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then it is improper and x=01s 2 point of infinite disconti-
nuity.
fix)=x~-1e==; choose xt=x1-%
Lt
x>0
Hence by u-test the given integralis convergent if p,
ie, 1-a < 1 and divergent 1f g ie. 1—x >1 or « >0,
convergent and « < 0, divergent.

(x%-1¢==) . x1-%=1, i.e, finite.

But e << 1; . 0<a< 1, convergent and « <0,
divergent,

Ex. 7. Convergence of Gamma function,
0

I n=j x%-1e—= dx is convergent only when n > 0.
o

(Karnatak 62, 64 ; Agra 60 ; Rajputana 51, 62, 63 ;
Pb. 53, 56 ; Vikram 63)

Ist Case. Letn 3> 1, ie. (n—1) is +ive, then
oG ' ©
J‘ x"=le=2 d! r=J xnig=s dx+J‘ an—le== dyx,
a L] a

The first integral is proper and hence convergent and
we therefore ider the 3 of

f ” x»=te= dx. Now f{x)=xnm~le—r.

a

Lt Lt xednm
X=>00 x f(x):.\'—»co Ld
Lt xp+o-t 0
T N

for all values of i and n.
Choosing s > 1. we can say by §9P.319 that
=

L w™-le=# (/v is convergent.
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HenceJ‘ x"le=® dx is also convergent, teing the sum

of two convergent integrals.
2nd Case. 0 <n<1,1e n~1is —ive.
% a o
J’ X"l dx=J xn-lg-z d.\'+J' x"lg=z (x,
0 [ L3
The second integral is convergent for all values of n as’'
shown n the 1st case.
a
But j xnle= v, 0 < n < 1, has a point of infinite
0
discontinuity at a=0asn—11s —ive.
S(x)y=xn"1g-e,
. Lt yw+a-l
. - = ==
Y xmg FW= ,

if;n+n—1=0 or pzl——n, but n lies between 0 and I, and
Therefore by § 9 P. 319, the integral

hence g 15 less than 1.
is convergent.
el .
I x"=le~x dx, 0 < n << 1, is convergent.
0

3rd Case. n <0,
o o =
f xm=le-s dy f xn~te~s dx+ f an-te=s dx.
0 L] [
The second integral is convergent for all values of n as

shown in case L.
But J’n x"lg= n < 0, has a point of infinite disconti-

o
nuity at x=0.
fex)—arte=.
Lt yeted

R Qx J&= o =w

if g e 1=0 o p=1—n, but 1 is —ivc.
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s # > 1, and hence the integral is divergent by g-

test of P. 3198 9.
o0
Hence j A™le® gy, n L 0, 1s divergent.
o

From above we can say that the given integral is conver-
gent when n >
1
Ex. 8. Exanune the convergence of J an=t fop ¢ dy
"
. (Vikram 64)
Ist Case. O0>n > 1.

We know that ‘cI:EO ar log x=0. when r > 0.

Therefore the given ntegral is proper and hence conver-
gent, whenn—1>0, ie. n>1.
2nd Case. n=I1.

1 '
:I log x dx, x==0, is a point of mfinite discontimuty.
o
t Lt Lt
_L log x dy= »0 j log x d\:'— (Y log \-»v)

=, 00- [0~ D~(e log e—¢)]=—1.

Hence the integral is convergent.
3rdCase. 0 <n<1l we n—lis —we

fy=x"-tlog x; . xl-f() X f(,\)cxlj“ XeH-1 fog ¥,

Above limit is zeto, if p+n—1>00r g > l—u But
because 0 < # < 1, we can always choose £ to be between
0 and 1 such that # > 1—» and hence by a-test the integral

is convergent.
4th Case, n < 0.

Here '\_I::o x"j(x)-cxl_‘:o Xe-1 Jog X oo

if -1 <0 or p << l—n
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When n {0, ¢ can always be found such that g > |
and hence the integral is divergent in this case.

Hence we conclude that the integral is convergent only
when n > 0 and divergent when n < 0.

Ex. 9. Discuss the convergence and divergence of the
5 .\f‘-!
integral I . e dx.

(Rajputana 58 ; Karnatak 64 ; Gauhati Hons. 63)

IstCase. z 2 1.

‘I—l
s T = l—#vd +.( l+x @

The first integral is clearly proper when a > I and
xa-t
jpre
Choose pp=1—(2—1)=2—a.

X2 fag 1,
xt-f(x)——‘,_)m ,ﬁ——Lt l+x~

hence convergent and I dx.

X—>ro0

But p==2—a, whetee > 1; .. p < 1and hence the
integral 15 divergent by p-test of § 9 P, 319.

2nd Case. a < 1.

xt x S i s
I,, 1+r"‘*I x+x"”f., =

r E when « < 1 has a point of infinite discontinuty

o 14-x
at x=0
-3

PP CrL e

if pta—1=0 or p=l—a.

If we choose 0 < & < 1, then
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# lies between 0 and 1 and hence the integral is convergent
by u-testof § 9 P, 319.

00 xu—l
Also I = dx i choose p==1—(a—1)=2—=

1+x
w 1t 2a X2 X
Xroo fo(x)ﬁx-—)w X ‘-mv—Lt m;l,

But p=2—g, wherex < 1; .. # > land hence the
integral is convergent. Therefore the given integral is conver-
gentif 0 < x << 1.



GAUHATI UNIVERSITY (Hons.) PAPERS

1965
L. () How do you define “infinite integrals” 7 Deduce
from your definition that

fo e~ cos bx :Iv~—~_p;, a>0
(5)  Discuss the covergence of the following integrals :—
@) J’ e xn1 dx,
o
1
oy [ et s a,
L]
2 Evaluate any three of the following :—
) I e=** dv;
0
: ® sin x
(i) L = dx .
ity -’.., sin a\'\’sm br Iog a-} b (a ~b>0):
o 3
(iv) J’—/z log sin x dv :
o
= dx
0] I, tove
.
3.(a) Denoting the integral I e\ dx by I'(m)
°
whenever it converges, show that
r(m—(n—1) [(z—1)
and deduce the valuz of I'(#) when n is a positive integer,

-2
(@) Prove that I 7 in= 0 cos® .

e )
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4. (@) Explan and 1llustrate the process of differenta-
tion under the sign of integration
(/) Prove that

I log (2 cos? 0+ g sin 8) df — log =17 ”‘H
5. (@) Evaluate II y dx dy, where R is the first quad-

rant of the ellipse .+Z)—.~l
(b) Find by triple integration the volume of the tetra-
hedron bounded by the plane £+i+‘::1 and the coordi-

nate planes.

6. (a) Assuming that a function f(x) defined 1n the
interval (—m, w) can be represented as a trigonometrical
series, a,+ (4, €os x-+b, sin x)+(a, cos 2x b, sin 2x)4-. .
where a,, a,, &), etc., are constants and further that we can
integrate the series term by term, prove that

qnﬁi%j:_.f(x) dx, a..:& J‘:.:f(x) cos nx dx

and bn=l r S(x) sin nx dx,
w )=
{b) Show that the Fourser serles corresponding to x in
in the interval (~m, =) 15

2 (sin x~—%

sin 2x+§ sin 3x—. . )
1967
1. (@) Showthatifa> —1,5> 0, bc > a+1,
©  xadx ~1B a+1 C_a+l)
I a5\ 5
. a--1 a+1
) (e-)

- h T (cy ) >
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(b) If0 < p < 1, show that

(2
I tan® \dr—f otr rdr«—ﬁ(l;p, .l_;l”)

2. (@) Prove the following theorem :

If ${x} is a positive monotonic decreasing function,
continuous in the interval ¢ << x < o0, and xf‘ lim  P()=0
then the integrals

o i =

I . é(x) sin x dx, f #(x) cos (ax+b} dx, a#0

.

converge.
(b) Test for convergence the following integrals

@ xcosx
o [T

{n) 'L” cos xt dx.

3. (a) If ¢(x) and ¢'(x) are continuous and integrable
over an arbitrarily large interval (A, g}, A > 0, and that the
integrals of ¢(x} and ¢°(x) converge or osciliate finitely and if
a >0, b > 0, show that

J‘ {#(ﬂ\') ¢(b\’)_(” ) [A83) (‘)} &

¢ ~8(0) [ log h-wlogava by
(b) Prove that
f” sinaxsinbx o Tha>b>0
e v 2

4. (a) Prove that a powers series a,,r‘d fines a con-

tinuous function for all values of x m :lny closed interval
(a, by that is interior to the interval of convergence of the

series.
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(b) Differentiate term by term the power series in x
for sin x and thus obtain the power series in x for cos x.
What is the interval of convergence of the resulting series ?
5. Evalvate the following integrals :
% =62 sin mx . 1log x dx
o [T R
20 o2 __ penz
) _[ AL
[

X

6. (a) Show that the volume common to the sphere
X*4-y24-22=0% and the cylinder x*+y3=ay is
a3 (?_11#8)
39
(b) Evaluate I \%:Z—;:; dx dy, the area of
mtegration being the positive quadrant of the ellipse
e
atp=
7. (a) State the conditions on f(x) that are sufficient
to permit its representations by a Fourier's series.
(b) Show that

»
log(25in§)=— r BN i p<cx <
2 et M

RAJASTHAN M.A. and M. Sc. (Prl.'v:) PAPERS
1963
1. (a) Test the convergence of the following integrals ;
20
Q) I -2yl dy,
o

. 2 log x
i) L Te=H dx.
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(b) Find the values of :
1 =g __ ~ra
o [T
R o

Iog {1+a%x?)
M b il

(n)
2.(2) Find the value of
1 2\ (3 n—1
forG)G) o7
n bemg an integer.

{(b) Evaluate

1 atdy 1 de

o VO ) VO
{c) Evaluate the integral

the integrals being extended to all positive values of the vari-
ables for which the expression is real,
3. (a) Transform the ntegral

NP
o Jo st 4,

by the substitution
x==sin ¢ cos 4,

y=sin ¢ sin 0.
and show that its value is 7.
(b) Prove that the volume common to the sphere
w2y yrp2=at and the cylinder x*+y2=avis § (In—d) a’,
4 Define a surface integral and prove that
I.“.ll’ (?u tid tm) dx dy dz= —,”S (fu4-mv+nw) dS,

actaptar
where u, v, w are single-valued functions of x, y, z, their
au &y Ew are continuous throughout, the volume

dervatives =,
atives ==, A :



Rajasthan Umversity Papers 333

W bounded by a surface S and /, m, n are the direction-
cosines of the normal at a point P (x, y, z) on S and dS is
the element of the surface S at (x, 3, ).

If 1, v, w satisfy the conditions of Green's theorem, if X
is a surface instde J#” bounded by a closed curve C, under
what conditions will the surface integral

.”.K {Iu+mre+4me) dS

depend solely on the curve C and not on the particular sur-
face K on which C lies ?
1965

1.{(a) A bounded function f(x) 1s integrable over {a, b}
and M, m are bounds of f(x), show that
13
m(b—a) < j ) dx < M (6—a),
o
{b) Test the convergence of the following ntegrals .—

(i) Jt:, e=*" dx. (i f s;\r/l‘;c

2. (a) Prove any two of the following :—

N [f v ” d mx?
O [ames w I-u ey =l

(iin) J’ﬂ] fog (I4-cos 6 cos x) — e "-—s‘w .
{b) Prove thqt

cOs X

31 51
i2(e2)-2(2 )
the integral being taken over all posttive values of x, y, =z,
such that x¥4+ 32422 < 1.

3.(a) Prove that the volume common to the sphere
A¥4p2.422=g? and the cylinder x24y2=ax is

20° (3n—4).
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(b)  Define line integral and show that the value of
j o ¥¥+¥) de and f &Y dy

where C 15 the arc of the parabola y*=4ax between 0, 0),
(a, 2a) is 3a® and }ga® respectively.

4. (a) Give the statement of the two dimensional form
of Green’s Theorem.

(b) Transform the integral

%2 (xf2 I{sin ¢
[ 1) o o

by the substitution x =sin ¢ cos 4, y=sin 4 sin ¢ and find its

value.

SA(‘;AR UNIVERSITY PAPERS
1963
1.(a} Define Gamma Functton, and prove that
Iy [(1—n)=—- . where 0 < n < I.

sm ay
(b} Show that I 2—2'%" cos 2bx dx= 3/;” ~b'/a®
L

2.(a) Change the order of integration in the double

N % £/(2ax) S . r
v dx dy, ¥V being a function of x
integral I J.\/(2at-X‘) ly

and 3.
{b) Test the convergence of the following integrals ;

1 dx
o |, e
(i) J‘ sin x2 dx.
L]
3.(2) Define a Fourier sefice.
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Find the scries of sines and cosines of multiples of x
which will represent f{x) in the interval —» < x < w, when
fA)=0 -x<x=0,
fix)=lm, 0<x <

t 11
Hence show that %= l+3~,_+5:»7- o

(b) Evaluate the integral ”‘I xt=tpmeizn=i fx dy dz,

where x, y, = are always positive but limited by the condition

WEEHEE

1964
1. (a) Evaluate rﬂ e=X" dx and deduce that
0
= —
L o=xttn g1t 3. 52"}‘211 3] o

(b} Prove that
(x*F (@~ v)"'-‘ dx __ B(l, m)
.[: @t+ox)m Ta(I+H"
2.(a) By changing the order of integration evaluate
o
the integral j” J‘ (er) dx dy.
o Je
(b) Show that

the integral being extended to all pcsmve values of the
variables for which the expression v/(1—x2—y*—z% is real.

3.(a) Test the convergence of one of the following
integrals :

dx . 1 dx
()J’ wimr ® j T

State and prove Green’s Theorem.



336 Integral Caiculus

4. (a) The space enclosed by the surface

X\ /38 [\
)+ () + (-
is full of matter whose density at any point is given by
p=(xpz)®. Find the whole mass.
(b) Expand in a series of sines and cosines of multiples
of x, the funciion
Hx)=x—w when —r < ¥ <0,
J()==m—x when O0<x<m
What is the sum of the senes for x=4 o and A=0?
Hence show that

3

I 1 1 7r
Mrgtmtmt =g
1966
1. Test for convergence the integrals :
N @ -1 de @) J*-JZ sinm=1 ¥ cose1 x dx
O [Tizde @ [T s
2. (a) Define B=taand Gamma functions and establish
the relation between them.
1 ym-t () -—.\‘)"‘{
(b) Evaluate L Tt dv
3. Prove that
1]og (1+x) 2
Q) L e dy= H log y
. xtdx v de o m
G L?(EF)X o VIFS) VT
/
Giy | e cos 2bx dx—": e b,

4. (@ DCthgc the order of integration in
I 'j’ _cosydvdy
—J , Vifa—%) (a=}

and hence cvaluate it.
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(b) Find thc centre ofgravnty of the mass of the

positive octant of the ellipsoid 02 bﬂ-ﬁ- gl whose density

is constant.

5.(a) Obtain the Fourier series of the function

S(X)=x—m, when —7 < X< 0
and f)=n—x, when 0<x<m
2 1 1

Deduce that §=l+32+§+...

(b) If0 < an < |, prove that the product It (1—a,)
and the series Xa, converge or diverge together.

JIWAJI UNIVERSITY PAPER
1966
1. (a) Prove that

o0
I xe=te=x (x converges if @ > 0.
a

(b) With usual notation prove that
() I(n) (11)
B(m, m)y=w—"7x TGman '

6. Evaluate the following integrals
D [Tera i | Y dy O<n<l
Ve — X
(i) L e ¥ (i) Jo = dx (! n<1)
(i) III xi=tpm=1z0-1 dx dy dz, such that
x20,y>0,z20and x+y+z < L.

2.(a) Find the mass of the tetrahedron bounded by the

coordinate planes and the plane 1:-*-';;—;-5: 1, the volume

density being given by p-=jexyz.
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(b) Change the order of integration m
aj2 (x—xa
In xta
where }/ 1s a function of x and y
3 (1) Show that the volume common to the sphere
A2 p?4z2=q® and the cylinder x2+y2=qx 15

2r 8
3 | ==
e
(b) Find a series of smes and cosines of multiples of x

which will represent x+x? in —o < x < 7 and deduce that

a° 111
§=mtptat

Vidxdy,

VIKRAM M.A. and M.Sc. (Prev.) UNIVERSITY PAPERS
1964

1. (a) Defining an “improper integral’, show by means
of an example that even when improper wtegral does not
exist, its ‘principal value’ may exist.

(b) Discuss the convergence and divergence of the

ntegral
1
j a™1log x dy,
0
e —?
(c) Evaluate J. e=* dv.
o
2. (@) Define Beta and Gamma functions and establish
a relation between the two.

(b) Evaluate (i) J'E/' sin™lzds;
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x
(i) f cos (h:1") d=.
0

20 /(2
3. Express the integral IHI‘ Qa0) Viz, p dy dy by
L]

V{2ax—x,
changing its order of tcgration

(b) State and prove Dirichlet’s theorem on the evalua-
tion of multiple ntegrals.

4,(a) Find the volume bounded by the ellipsord

(b) Obtain the Fourter series which will  represent

v+ in the interval —o < X < .
1965

1. (1) Whatare proper and improper integrals 2 State
the necessary and sufficient conditions for the convergence
of improper integrals,

() Test for convergence the integral

I"ﬂ simx costlx dy.
o

2, (@) Define the Beta function B (w1, #) and show
B(n, n)~=B(n, m),
Also, show that

1 n-1 el
2B(m, n)== YAy

o AER
™
(b) Find the value of j‘ e=*" dv.
°
Hence, show that
®cosx . fesinx ,
[ e )
{c) Show that
1 b
I < {e"m=—e %) dx=log (— ;a>0,0>0.
o X a,

dy.
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3 (a) Prove that
J’ j x4 by ")tl\'dy—»v—bf S0 dr.

(b} Discuss Liouvilie's extension of Dirichlet's theorem
on the evaluation of multiple integrals.
4 (a) Define Fourier’s cocflicients,
Find a series of sines and cosines of multiples of x
which wiil represent f(x) in the interval —# < x < =, when
(=0, — 7 < x €0;
={rx, 0 < x < m
n? R
Hence, show that § =1 ,—3=+5~=+. .
(b) Find the surface area of the portion of the cylinder
\*422=16 lying inside the cylinder x2+2=16

INDORE UNIVERSITY PAPER
1966
1. (a) Give Eulers’s definition of Beta function. Discuss
the coavergence of this Eulerian integral.
. = sin (x8
(b) Test for convergence the integral L ——"(;—‘) dx,

2 (a) Prove that
I Fn+-3 =555 2}44 [(2n), where n > 0.

(b) Evaluate —

lD"(l+at R
[0) J‘ 1+[7”\'1 dx

(a3 r sin Ay (m< 0.
o
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3.(a) Change the order of integratton in

/2 - X2,
r jx e Vdx dy.
s Jxa

(b) Evaluate :—

JI dx, dxg. . .dv,
) A@ X XY
where the variables are positive with the condition

X2+ 4xd e

4. @ Find the volume of the region above the xy-plane
bounded by the paraboloid

r=x2+43? and the cylinder x2+y*=at.
(b) Provethatfor0 < x < =
1, [cos2x cosdx cos bx
-““‘x)za"'“(—l—-—+"z‘=—+’?*+ )

Hence, show that

AGRA UNIVERSITY PAPERS
1965
1. (@) Prove that, if ¢ > 0, the integral
%
=
is convergent when » > 1 and is divergent when # < 1.

s 81
Hence show that v

i » V(x1—a'}
is divergent, b being greater than a.

(b) Find the Fourier’s senies for f(x) in the interval
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(—, =), where
S(X)=n+x when —7r < x < 0,
f)=w—xwhen 0< x<a.
2 Evaluate :—

) j"i

(i) J' w2 log (1+cos 6 cos x) ——

cos x '

(it) J. cos (b= dz,
0
3 Transform into polar co-ordinates and integrate
V=ai-ys ,
[[ iz oo
the integral being extended to all positive values of v and y
subject to x2+4+3% < 1

dx
b) Show that J’J’J‘ 72
® T
the integral being extended to all positive values of the
variables for which the expression 1s real

1966
Evaluate :
® Jog {1 +a*x* . B _atxt
0] f gl-(f—l:‘:r~ Vv Gy L o= dx.

—1 . .
(in) r(;) F(?l) I'(%) . .F(’i—"—). n being an integer.
2. () Find the volume enclosed by
A VLG -
G+
(b) Evaluate the integral
dx d} dz
I ” V@=x—y=7
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the integral being extended to all positive values of the van-
ables for which the expression is real

6. (a) Test the comergence of the integral

» yim
— . d\,
L T \

where m and n are positive integers
(b} Obtain Fourier's Senies for the expansion of
J(¥)=xsin v in the interval (- =, 7). Hence deduce that
211 1
IatiaTastsg
1967
1. {a) Point out the pzeularitics of the integrand which
make it necessary to consider the equation ol convergence
of the integral
1
Blm, n) I et (et oy
o
and show that it is convergent when m and o are positive

(b) Integrate :
am=1 (1—x)s-t

0 }
0] L cos (b'N) dz. (i) L @Ry dx.
2. (a) Find the value of
s b dxgdiy dyg. . odXg,

extended to all positive values of the variables subject to the
condition XX NI L Xe < REL

(b) Obtain a series of sines and cosines of multiples of
* which will represent f{x) in the interval —w < ¥ < 7,
when S(¥)=0, —w < x <0,

w=dx, 0 < X < m.

Hence deduce that ™ =145 1
nee deduce that g l+3_,+5:...



344 Integral Calculus

3.(a) Change the order of integration in
2 2ax—x?
I IV( 7 ftx, ) ddy.
[ 0

Hence evaluate
r" V(2ax-x) ¢'(y) (x2+32) X dx dy
o Jo VIt =G+
(b) Find the volume of the sphere x®4324-z?=a?in:
cluded within the cylinder x2+y*=ax.













